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PREFACE. 



rpEACHEES of Algebra have long felt the want of a large 
and well-arranged collection of algebraic problems. The 
problems of the text-book used may not be sufl&ciently numer- 
ous or of sufficient variety, or the teacher may wish to test the 
student's knowledge of principles by requiring him to solve 
some problem for which he has made no special preparation ; 
or after the problems of the text-book have been used for 
many years, and solutions have been handed down from one 
class to another, a new set may be desirable. 

To meet these wants and to diminish the labor of the 
teacher, is the object of the present collection. 

This collection of problems has been made to conform, 

in arrangement and classification, to the author's Complete 

Algebra, but it may be used in connection with any other 
algebra. 



IV PBEFACE. 

An Appendix containing the treatment of Continued Frac- 
tions, Beciprocal Equations, Elimination by the Method of the 
Greatest Common Divisor, Cardan's Formula for Cubic Equa- 
tions, and other matter, has been added. 

The materials for this volume have been drawn, in part, 
from the works of Barnard Smith, Bland, Wrigley, Goodwin, 
Todhunter, the Schoolday Magaaine, and the Analyst 

Solutions of all the difficult problems of this collection will 
be found in the " Key to Ficklin's Complete Algebra.'' 

The AuTHOBt 

UnIYBBSITT of THB StATI OT MlBSOlTBI, ) 

OoiunUda, AprU, 1875. ) 
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ALGEBRAIC PROBLEMS, 



NOTATION. 

1. Express, in algebraic language, the following eight 
statements - 

1. The square of a increased by four times b. 

Arts, a^ + 46. 

2. Seven times the product of x and y, diminished by 
five times the cube of z» Ans, Ixy — 5^;^. 

3. Twelve times the square of a minus five times the 
cube of by divided by the sum of a and c, . VHdJ^ — 5^ 

a + c 

4 The product of a, c, and a—^c. Ans. ac (a — c). 

5. One-third of x, increased by a, is equal to three times 

y diminished by 6. m x « , 

^ -^ Ans, :^ + a=z3y^b. 

o 

6. The square root of the difference between the square 
of a and the cube of b is equal to x minus the cube root of 
the sum of a; and a. ^^, a/^^ZT^ = a; — \^x~^. 



NUMERICAL VALUES. 



7. The square of a, increased by the square of h, is 
greater than twice the product of a and J. 

Ans. a^ H- y > 2ah. 

8. The rfi^ power of ar, increased by the n^ root of the 
binomial a plus x^ is less than twice the square of m divided 
by the mf^ root of the binomial a minus b, 

. _ n — - 

Ans, a; + v« -h a^ < ^/ ■, ' 

y a — 

Express, in common language, the following eight alge- 
braic expressions : 

9. (c?— he) a, {a + Id) m, am -f <?—md\ (a + h)m— 
{c-]-d)n, [4aa - (3^ - 2c)] c/, ?^!±^ x (a - c), a + 



„ ... _ 27W3 



X 



-{* + y-[«-a;-^-2y]f, -^ 






NUMEKICAL VALUES. 

a. If flf = 8, * = 6, c = 4, eZ = 2, tw = 3, n = 1, 
find the numerical value of each of the following expressions: 

1. 7 ^. Ans. 0. 

3 (5an+j6)^ ^ ^„,. 22. 

4. I '-r=A a, Ans. 56. 

- r(a + * — c) (« — J + c)-] / ,v ^ OA 



ADDITION. 



6. 1 7— i — 77. Ana. 7|. 

-, \a + 2c X w — <^] m — 2 (a J 4- wi«) . 

i' — — — — . Ans. 4*. 

c * 

8. (f + ^ + -^)25. ^7^5.33. 
\o c mJ 

9. ahcd + a^l^c^d ^c ^^^^ 

m + n a 

10. ^^^^^^T^^ ^^^,^ 



ADDITION. 

3.— 1. Find the sum of 2a2— 3c8, 4^3— 7c3, Ya^— 4c», 
aa _ 3^3, 3^2 — c^. ^ns. 17a2 — 18A 

2. Find the sum of 2a J — 3c8 + 2J2, aft — 7^2 + ^,2^ 
7aj_c2 + 752^ lOaJ - 6c2 + 5J2, 5a5-5c3 + 6J2. 

^w«. 26a J — 22c2 + 21^. 

3. Find the sum of 4a:2 — %xy — Sy^ + 7, 8a;2— 4a;.y— 
7y2 + 13, 5ir3 — xy — y2 + 1, 21a:2 — lOxy — 21y2+ 10, 
a^ -. 4a;y — 5y2 + 2. ^w«. 39a:2 _ ^txy ~ 39y2 + 33. 

4. Find the sum of ba^ — 3ar 4- 2y, — a^ + 2a; — y, 
7a;^ — 4a; + 3y. -4w«. lla;^ — 6a; + 4y. 

5. Find the sum of 2aB— %M — 14 J», 3a»+ 7a*J — 27^, 
- 16a5+ o^J + 8J«, 32a«— 16a^J + 32J5, -17a»+32a^*— 
IW. Arts. 6a« + 17a*ft - 18^. 
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8 FACTOBINO. 

23. Divide a^ •^(a — b)x-^ab by x + b. 

Ans. x — a. 

24. Divide a^b -^ bx"^ + ahi ^ 7? by {x + *) (a — x). 

Arts, a + X, 

25. Divide a^ — {a + c)a? + {b + ac)X'-bc by a: — c. 

Arts. a?^^ax + b. 

26. Write the respective quotients of n* — 1 by n + ly 
^ — f by a; — y, 36a^— 16 by 6a; — 4, 16ja — a» by 
4J+a, w2»2-.25 by win + 5, 1 + 27«» by 3a; + L 

FACTORING. 

7* Resolve each of the following expressions into its 
prime factors: 

1. a^ — l. Ans. (x + 1) (a; — 1). 

2. a^ — 9a^. Ans. {a + 3x) (a — 3ar). 

3. 4a?« — 9. Ans. (2a? — 3) (2a; 4- 3). 

4. 16a;* — 9fz^. Ans. (4a;> + Syz) (4a;2 — dyz). 

5. 25 J2 — 4a\ Ans. {6b + 2a) {5b — 2a). 

6. a^ — 2aa; + a^. Ans. {a — x){a^ x), 

7. 1 + 9a^ — 6a;. Ans. (1 — 3a;) (1 — 3a;). 

8. d? -f- 05^. Ans. {a + x) {a^ — aa; -f a;*). 

9. a* — a^. ^ns. {a^ + 3^){a + x) {a — x). 

10. y^--a^. Ans. y(ff + x){y — x). 

11. 7a» — 7a;». Ans. 7 {a-^x) {a^ + ax + 7?). 

12. 32a;? + 243j^. 

Ans. (2a? + 3y) (16a;*— 24a:8y^36a4y2_ 54a;y8 4. 8iy4), 



FAOTOBIKG. 9 

13. • 8rc2 + 14a: + 3. Ans. {ix + 1) {2x + 3). 

14. cfi — ofi. 

Ans. (a + a;) (a — x) {a^ + ax + af){a^ -— ax + a^. 

15. jc* — ^h^ + 4a*. ^w«. (a;* — 3a«) («» — W). 

16. «» + 4a; + 3. ^tj^. (a; + 1) (aj + 3). 

17. (a + iy — A ^fw. (« + & + <?)(« + * — c), 

18. 4a8(a»-a:8). 

-.4w5. 2-2'a*a'a(a — a:)(a2 + aa; 4- a:^. 

19. (a; + 6)2 — (a; — 3)2. Ans. 2-2-2 -2 (a; + 1). 

20. a' — (J — c)2 ^/w. (a + J — c) (a — J + c). 

21. a^ — «». ^w«. (a? — a) (a; + a) (a;^ ^ ^2) (^4 ^ ^4). 

22. a;* + 6a;8 4. 4 j^^^^ ^^ 4. 1) (a;3 + 4). 

23. ar^ — 2a; — 3. Ans. {x + 1) (a; — 3). 

24. a;* — 8a? + 7. Ans. {x — 7) (a; — 1). 

25. 7a?^ -- 12a; + 6, Ans. (7a; — 5) (a; — 1). 

26. 6a;* + a; — 1. Ans. (3a; — 1) (2a; + 1). 

27. 4S2 — 6ab + (fi. Ans. (4* — a) (2> — a). 

28. (a 4. J)3 - (c + rf)2. 

Ans. {a + i + c + d){a + l^O'-'d). 

29. a' + 52 — c* + 2a5. Ans. {a + 1 + c){a + i — c). 

30. a« — J2 __ ^ + 2Jc. Ans. {a + h -- c) {a — I + c). 

31. (a — 5) (} - c) + (a — d) {c — of). 

32. 4a2 — *» — 9c3 + d^ + 2 (2arf — Uc). 

Ans. (2a + J + 3c + iZ) (2a — i -^ Sc + (f). 



10 GBEATEST COMMOK DIYI80B. 

GREATEST COMMON DIVISOR. 

8. Find the G. C. D. of 

1. 6a^y and ^a7?y, Afis» Zaxy. 

2. ^b(i3i?yh^ and 36aWtfz. Ana, baa^yz. 

3. 7a^ — 14aJ and Sac — 6bc. Ana. a — 2*. 

4. ic2 _ ^3 and ofi + a«. -4n5. x -i- cu 

5. (a; + 1)2 and ai8 — a; — 2. ^»5. a; + 1. 

6. ax (t^ -— a') and a^ — a*. -4n5. a (a; — a). 

7. a;® + 2ca; and Zax + 6ac. -4»«. a; + 2c. 

8. 6 (a + a;) and 12 (a* + a:^. ^W5. 6. 

9. 35«a;« and 14a? + 7aa? + 21aj8. ^n5. 7a?. 

10. 12a2 + 22aar + 6a?» and Qa^ + 7aa? — 3a;2. 

^n«. 2a + 3a;. 

11. 16aW — 20a*» + 4J* and ISa^J — ISasi^H- Ga^i^— 

^W5. 2aJ — W. 

12. 2a;»— 15a; + 14 and a;* — 15a?» + 28a; — 12. 

Arts, x — 2. 

13. 7?-^(d^ + ¥)x + a¥ and a^-^ 2aa^ + {a^+ i^) x 
— a^. A718. a; — a. 

14. 3a;3— (3c+d— 3)a;— 3c— rf and 2a;»+(2a +J + 2)a; 
+ 2a + b, . ^n^. a; + 1. 

15. a:3 + a; — 30 and a:* + 11a; + 30. Ans. a? + 6. 

16. T^-^a^ and ifi — c?. An8.x^a. 

17. 6a:« + 7a; — 20 and 3a;» — a; — 4. Ans. 3a; — 4 



OBEATEST COMMOK DIVISOB. 11 

18. 7^-^xy^ and :i^ — y\ Ans,^^y\ 

19. a^ + 3a^^ — 4a; and (}^'^^x-\-^. Am.x^X. 

20. 7?-\-\\x-\- 30 and ^^ + hZ^ — 9a; — 18. 

Ans, a: + 6. 

21. 2:8 + 4a;3 — 5 and a;* — 3a; + 2. ^W5. a; — 1. 

22. a;8^2a?» — 3a; and 2a;8 + 6a;« — 3a;. 

Ans, 7^ H- 3a;. 

23. 14 — 34a; + 12a;' and 42a — 4aa; — Qas?. 

Ans, 14 — 6a;. 

24. a? + 2Q!^-^^x-^l and a;^ — 2a; — 1. 

Alls, a; + 1, 

25. 3a;3 + a;^ — 5a; + 2 and ISa;^ + 11a; — 14. 

Ans, 3x — 2. 

26. a2— 5aJ + 42»» and a« — a'j + 3a^ — 3^. 

^ws. a — b. 

27. a;3 — 3ar« 4- 7a; — 21 and 2a;* + 19a^^ + 35. 

Ans. nfi + 7, 

28. a^ + 2a^ — aV-- 2^* and a» — 2a^ — a&i + 2b^ 

Ans, a^ — ¥. 

29. a^-\-V^ + (^ + 2ab + 2ac + 2bc and a' _ ^ _ ^ 
- 2Jc. Ans, a + b -\- c, 

30. 6a;3 _ ^^y2 ^ 23^y — 2y8 and 12a;2 — 15a;y + 3f. 

Ans. X — y. 

31. x^ + W + W — 15a; and a;3 _ 2a« — 13a; + 110. 

Ans. a; + 5. 

32. a;* — a*, a^ -{- a% and a^ — a*. -4ws. x + a. 



12 LEAST COMMOK KT7LTIPLE. 

33. a» + a2J — a*»--J8, o^ — 3aJ8 + 25», and a« — 
2a^ — 0*2 + 2i». Ans. a-^b. 

34. 0^ — 20^ — axy ofi-^^a^ a^-^ea^+ax, and a«— 
8a8 + 2ax. Ans. a; — 2a. 

35. cfi+i^y a* — S*, and fl^ + J». ^n^. a + J. 

36. 3aj8— 7a;8y + 5icya — y8, a?y + Sxf -- Sa^— y^y and 
32:* + 5a;®y 4- ^y^ — y*- -4;w. 3x — y. 

LEAST COMMON MULTIPLE. 

9. Find the L. C. M. of 

1. 6a^ and 9a*. Ans. 18a*. 

2. Ux^fsi^ and Sy^sW. Ans. 2^3^ fzS. 

3. ^^c? and (a; — a)l 

-4w5. a^'-cu? — d?x + a*. 

4 a' — «® and a^ — a:^. -4n«. a* 4- a^ — aa^ — a?*. 

5. {ah^ — ax^f and aa; (a* — a;«)«. 

^w«. 0^ (a2 — a?2)2, 

6. ax-^- ay and aa: — ay. Ans. a {a?-- y^). 

7. a — X and a* — a^. Ans. a* — a^. 

8. 3(a + a;) and 4(aa — a:^). Ans. 12 {a^ — a?). 

9. a^bx -- aJ2y and aJa: + V^y. 

Ans. abia^x^ — byy 

10. a^ + xy and (a; + y)». ^ns. a? + 2ai8y + xy^. 

11. J2 and J (J + ax). Ans. J* + aWa?. 



LEAST COHMOK MULTIPLE. 13 

12. ea^^ + Sz — e and 6ai^ — 13a; + 6. 

Ans. 12ic8 — 8^-8 — 27a; + 18. 

13. a?^ — 1 and x^ + 4x + 3. 

Ans. 7^ + 33? — x-^d. 

14. a^ ^Q?y and a^ — y^. Ans. a^ — a?y\ 

15. V^ofi — 17aa; + 6a« and 9a;3 + ^ax — Sa^. 

-4w«. 36a;3 _ Sa^a __ 50^23; + 24a». 

16. a;® — 1 and a:* + 1. Ans. x^-^a^ + X'-l, 

17. 6a?» + 13a; + 6 and Sa;^ + 6a; — 9. 

Ans. 24a;8 + Ux^ — 15a; — 18. 

18. a;» — 7a;» + 6a; and ar» + 2a; — 3. 

Ans. a;* — 4a;3 — 15a;3 + 18a^ 

19. {x + If and o^ + l. Ans. a;* + a;» + a; + 1. 

20. a;* + }ai® + aa; + a* and ofi ^ (a^h)x — ah. 

Ans. a;* -^{h'-a)a^+{a--db)oi^+{ab^a^)x--'a^. 

21. a; — 1, ar»— 1, and a? — 2a? + l. 

Ans. a;^ — a;® — a; + 1. 

22. a;* — «^^ ip^-^yfy and a;8_y8. 

^W5. 0^ — ofiy^ — a%® 4- y^. 

23. a + J, a — J, and a^ — J^. ^7^5. a^ — S^. 

24. 6a;, 2(a; + l), and 2 (a; + 2). 

Ans. 6a;8 + ISa;^ + i2a;. 

25. a, a + 2J, and fl^ — 452. ^/i«. «« — 4aJ3. 

26. a;, 2a; — 1, and 4a;2 — 1. Ans. 4a^ — x. 

27. x + y, 2x, and 2a; {x —». ^W5. 2a;» — 2xyK 



14 FBACTI0K8. 

28. a^, X, {x^ + 1)2, and a:? + 1. 

Ans. of' {7? + If. 

29. x—ly a? + X + ly and x* — 1. -4>w. a;* — 1. 

30. }, a -—by and a^i — V. Aiis. €?b — J*. 

31. ^Q^ — 13a? +6, 6a?« + 5x — 6, and 9a:« — 4 

^wjj. {4a:2 — 9) (9a?» — 4). 

32. a;, a, a; (o + x\ and a^x-— a). 

Ans. ax {a? — a^). 

33. a — ft + c, fl 4- J — c, c — a + J, c^ — (a — J)*, 
and aa — (d — cf. 

Ans. {a + c ^ b) {a + b '— c) {b + c -— a). 

FKACTIONS. 
10. — 1. Multiply r^ by aj, 

2. Multiply ^±^ by 3. 

/p8 __ ^3 

3. Multiply by ax. 

4. Multiply ^ by a — &. 

5. Multiply ~-±^ by a + *. 

6. Multiply "~ by a; + 1. 

3/ -^ X 

11.— 1. Divide ^^^ by 2x + l. 



.a. 


'*"• 12- 


Ans. 


4a; + 1 


2x ' 


• 
Ans. 


a^ — aK 


Ans. 


fl«-J2 


c + d' 


Ans. 


m + n 

a-r 


Ans, 


x — a 
a?-x 




Ans. ■=. 





EEDUCTION OF EBACTIONS. 15 



2. Divide — —777 by a — J. Ans. — —^77. 

3. Divide 7- by a + b. Ans. ^ ,. . 

a — b '^ a^ — l^ 



4. Divide 



5. Divide ^ + ^^y + ^' by :r + y. ^n.. ^. 

6, Divide ^ by a; — v. Ans. — ■ — ^ ^ . 



.REDUCTION OF FRACTIONS. 

19, Reduce each of the following fractions to its lowest 
terms : 



1. 



2. 



3. 



15^* 

356a:»* 
3afega . 
6aa? 



Jtm. 


Zx 
5a 


^n«. 


a 

Ibx 


^n«. 


bx 


Ans. 


x' 



26a2a:8yi? 13a; 

Qa^yz + 21a;y2; — ISa^^y V . 2xz + 7^ — exysp^ 
Qaxy ' ' 2a ' 



16 fSAcnoira. 



8. i^+f. Ans."^-^^ 



9. 



15. 



19. 



20. 



3cx — £/ar '3c — fif 

14a^ — 21x^y^ 2a;~3y 



^^ 3a» + 3aaf . 3a 

10. — :-^ — ^- ^««. 



^a — a:* a — x 

11. -: T^ ^IM. 



a« — d» a»+fl* + ^ 

_ a» + 2a» . d 

14 -z : — -— :• Ans. 



t 



a» + 4a + 4 a + 2 

3flg» — 13ga; + 14g , 3ax—7a 



lOa? — 24a^ -f 14a:» . Ua:*— lOx 

16. r^: ;r:: . .. , ^ , ' -4lW. 



15 — 24a; + 3a:8 + 6a;8 " 6a;« + 9a; — 15* 

^^ a;8 — 9a;* + 23a; — 15 . 'a;3 — 8a? + 15 

17. 15 — 5 — r"s • -AW«. . 

a;* — 8a; 4- 7 x — 7 

2aa::* + aa^ — Sax + 5a . 2aa? + 3aa; — 5a 

18. =r-s ^^ ^ ^ . -ATW. 



7a^ — 12a;2 ^ 5.^ ^^- 7^:3 _ 53. 

a;» — 3a;» + 3x — 2 a;» — a; + l 

aj8_4a?» + 6x-4 ^* a*-2a; + 2' 

12 (g* — a;<) 4(g» + flfa + fla^ + a;^) 

15 (a;»-a») 5 (a> + aa; + a;2) ' 



a;^ — (a — b)x-'ab 
Q^ + b3i^ + <ix -\- ah' 



21. \ . V^^ /^^"^ — ^T- Ans. -z . 

7? + a 
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a;4 + 2aa;3 + dh^^ - J*' a^a + oic _ ja' 

/^o. ^ Ans. -r r. 

a^ — }^ a^~-h 

a^ — 0/3^ — ^ah? + 5a^ — 2a* ' a: + 2a* 

g" + ^a¥ — 4ag^ >« . a* + a% + a^^ — 3ay 

IbT? 4- 35X-2 + 3a; -h 7 . 5a?» + 1 



27. 



27a;* + 63a;8 _ i^^ _ 28a; 9a;3 — 4a;' 

3ay^— (4a + 2^) a; + 2a& + a^ 
a;8__ (2a + &) a;8 + (2aJ + a^)x — dJ^b 

3a; — 2 J — a 



-4w5. 



x^ -—{a + b)x + aV 



a^Ja; — IM ' a% — IM 



13. — 1. Reduce ^ to a mixed quantity. 

-4w5. a; ■\ . 

a + x 

(jZ /p2 /jj2 

2. Reduce to a mixed quantity. Ans. a . 

3. Reduce — ^ — - to a mixed quantity. Ans. 3+-.- 

4. Reduce ^ to a mixed quantity. 

Ans. bx^ = . 

bx 



18 PBAGTIOirS. 

/p8 fA 

5. Beduce ^ to aa entire quantity. 

Ans. ^ + xy + i^. 

CIX + %7s^ 

6. Beduce to a mixed quantity. 

a + x a?» 

Ans, X + 



a + X 

7. Beduce to a mixed quantity. 

a+x ^ J ^ 

Ans. a — X A . 

a + x 

8. Beduce -^ — -^ to an entire quantity. 

Ans. a^-^a^. 

9. Beduce -» — -= to a mixed quantity. 

. tt» + a;* + 



10. Beduce — ^ %, — — — — to a mixed quantity. 

a — 2y + 6 ^ ^ 

Ans. x + 2y ^ — --^. 

11. Beduce — '-^ to a mixed quantity. 

Ans. x + 2 + 



12. Beduce ^ "^ — to a mixed quantity. 

2a — a; ^ ^2 



Ans. 2aj— ■ 



2a— -a:' 



13. Beduce '^ . ^ ^ to a mixed quantity. 

«* + ^ W- 



2aa^ — 2a« 



14. — 1. Beduce a + J to a fraction whose denominator 

shall bea — 5. . c? — V 

Ans. i". 

a — 



BEDUGTIOJC OP VBACTIONS. 19 

2. Reduce a? + xy + ^ to a fraction whose denom- 
inator shall be a; — y. . a^ — y^ 

3. Bedace a^ — a? to a fraction whose denominator 
shall be a^ + a?. . a* — a:* 

a* + a;? 

4. Bednce {a + 5)* to a fraction whose denominator 
shall be a + S. . (g + ^)^ 

(» + *) 

5. Seduce (a — h)^ to a fraction whose denominator 
shaUbe (a + i)^. . (a»-S«)» 

(a + ^)* 

6. Bednoe a"^ to a fraction whose denominator shall be 



-4n5. 



d~ • 



16. — 1. Beduce y to a fitwtion whose denominator 



shall be Mf, . adf 

hdf 

3x 

2. Bedace p- to a fraction whose denominator shall be 

15o. 

2 

3. Beduce r: ^ to a fraction whose denominator 

2a; — 3 

shall be 16a;* — 81. . 16a;» + 24a:g + 36a; + 54 

^^* 16a;* - 81 * 

4. Beduce each of the fractions -^, -r-, -75- to an 

o 5 7 

equivalent one whose denominator shall be 105. 

. 70a 635 60c 

^^*' 105' 105' 165- 



20 FBACnONS. 



OS OS 

6. Reduce each of the fractions -= =, -z z to 

a* + or a* — x* 

an equiyalent one whose denominator shall be a^ — 7^. 



Ans. 



flf* — ic* a* — iT* 



jc 4- 1 ic* 4- 1 

6. Reduce each of the fractions ^ , -z —zr to 

X — 1 X* -r X -f- 1 

an equivalent one whose denominator shall be oi^ — l. 

a^ + 2a^ + %x+l gfi^a^ + x — l 



Ans. 



a^ — 1 ' 2:* — 1 



16. Reduce each of the following expressions to the form 
of a fraction : 

^ ^ 5a . 18aa^ + ba 

^ ^ 2a: — 3 . 33a; + 3 

2. oa; s — • Ans. = — . 

7 7 

3. 3a + ~* Ans, . 

c c 

. - . aa; — a . 3ax — a 

4. 2o H Ans. . 

X X 

„ ^ aa:^ — a* . 4aa^ + «• 

0. oaa? • Ans. • 

X X 

X 1 

6. 1 + :i Ans. 



1 —X ' 1 — x' 

7. 2a H 7- Ans. r . 

a — a — o 

a^ + a^ . 2a« 



8. a + a; + 



a — a; a — x 
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9. 3 + -3 — 7- Ans. 



a*— 1 a«— r 

-in ^ A ^ — y A axy + ix + by 

ic + y a: + y 

11. ^±A+f-l. ^n.. * 



a -h c a + c 

« 

12. «' — • aa: + a^ H ui/w. : 

a -{- X a + X 

^ « ^ a' — 2flKC 4- a^ . 2aa; 

13. 1 =— : — s -4w«. 



«» + a^ * «» + a?8' 

cfl -^ V^ 2^ 



a — b b — a 

!?• deduce each of the following sets of fractions to 
eqoiyalent fractions haying a common denominator : 

. 70a 63J 60c 
Ans. 



1. 


2a Sb Ac 




3' 5' 7' 




2. 


y a;* 




3. 


a c d 




h y z 




4. 


X X 




a-^V a + h 




tf 


5x a — x 


1 


5. 


a + x 2 ' 


3x 
30a^ 



105 105 105 
Ans. 



a? ya 



xy xy 
. ayz bcz bdy 

Ans. ~9 rr-9 ^. 

byz byz byz 
. ax + bx ax--bx 



3fl^--3a« 2a + 2x 

6ax + ea^ 6ax + Gaf" 6ax + Qa^' 



%% JTBACTIOKS. 

18* Beduoe each of the following sets of fractions to 
equivalent fractions having the least common denominator: 

a 2a 7a . 10a 12a 21a 

^- W T' To' ^^' W lo' IT 

^ X y z J ex by az 

2. -T> -^9 jT' ^^' -x-> -f-' "TT- 

ao ac be abc abc aoc 

2 3^^ 4 ^ac 3^8 4Jc 

a? he a^' ' cflbc a^be' a^be 

1 1 1 

a-^x a^ — oi?^ a + X 

J a + X 1 a—x 



4 



5. 



2 3 4 5 6 
fl? 2be Zci Aide hef 



120cdef 90adef BOabef Ihab cf ncibo d 
' 60abcde/ QOabede/ QOabcdef 60aiede/ QOabcdef 

a; 4-1 fl^ + 1 ^ 

^' a;-l' a^ + x + l' a*- 1* 

af^ + 2a^ + 2x+l a«— a:» + ic — 1 ofi 



Ana. 



a;8 — 1 a^ — 1 ai»— 1 



COMBINATIONS OF FRACTIONS. 

19« Perform the additions indicated in the following ex- 
pressions: 

, 3fl . 2a . a . 128a 

^- y + T + 3 ^""'-i^ 

a — b a + b a^ — l? 



COMBIKATiaKS OF FBACTIONS. 2Si 



3. — T — i:^— Arts. 0. 

od ac be 

*• 7 + T + u ^^--eor' 

K >! . ''^ . o . ^ ^ 224a? + 90 

5- ^^+-9- + ^ + 5* ^^^- 45 

6o« + J . 4a2 + 2^ . 5a2J + 4a« + 3J« 

^- — 5~+ 5& • ^'''- 5J 

„ 2a: + 1 . 4a; + 2 ■ 1 . 169a; -|- 77 

^ 3^2 2a 3 J . 105fl8 + 14:a2& + 152>2 

d 5 7o 35a^ 

a? a; . 2aa; 

9. =- H 7« -4w5. 



a + *a — * a^ — ^ 

or or or 

11. 5 + jr Ans. — I — - — —-. -^. 



X 



^^ "^ 2 — a;* a?« — 5a; + 6 



^^a? — a 2a; — a . a:^ 

12. h . -4ns. 



a x — a ax -- a^ 

1^ 1 + aJ . 1 — a; . 2 

13. :; — -^ + -r — 3« Ans. 



1 +z + a^^ 1—x + a^ l+a;» + a;* 

-id. — ac A ^ 

ft J (c0 — ft/) ce — ft/ 



M 7BACTI0KS. 



^. iT — l.a: + 1.3x — 2.3a: — 4 

16' Z-TT + Z T + ^ . Q + 



a; + 1 • a; — 1 a: + 3 ' a; — 2 

8a;* — a:8 — 24a!2 + 5a; — 4 



^ns. 



(a?»-l)(a;4-3)(a: — 2) 



^„ a + aj.a — aj.a^ + a:®. 4fla; 



a — x a -{- X a^ — a^ a^ + a^ 

3a* + 4a8a: + ea^a^ — 4aa^ + 3a;* 



Ans. 



18- -5 T + 13 r-T + 



a* — a;* 



a?« — a;4-l ' a? + a; + 1 ' jc* — a^^ + 1 

2a;« -h a;* + a;^ + 3 



Ans. 



a;8 + a:* + 1 



io 1.1. 4:a:-8 . 4 

19. r- H IT + ^r zr-g- AflS, 



x — l'x-{-l'2 — 2a^ a^ — 1 

/ 

20. Perform the subtractions indicated in the following 
expressions : 

. 17a; + 2 

A.nS* ;; • 



Ans. ^ 



1. 


7a; 2a; — 1 


2 3 


2. 


1 1 

x—y x+y 


t\ 


X '2x 


3. 


3 7 


A 


3a; 2a; 


4. 


7 9' 


5. 

i 
1 


2a — b da — U 
4.C db 



Ans. 



aP — y' 



A ^ 

Ans.^ 



ISx 
Ans. -^. 

eab^3l^—12ac + 16bc 
12bc 



COMBINATIONS OF FRACTIONS. 26 

6. 3a + ^- [2a + ^ j. 

32a + 5 



Ans. a + 



105 



7. ^ + ^ZUL.4±JL, Ans.x^ ^y 



7? + xy a>^ -—xy a:^ — y^ 

Q a — h 2b —4a . 5ad — 6bd — 4Jc + 8ac 

^- "1^ 6d~- ^'''- 10^5 • 

ex -\- bx — ab 



9. 3a; + ^ — (a; Y Ans. 2x + 



be 



^^ a + b a--b . 4ab 

10. 5^ --T' Ans. 



a — b a + b a^—V 

xy xy 



n. 



(a — b){a — c) {a — c){c — b) 

Ans. 



(a -b){b- c) 

l+SB Ll— a; \l + 2a; ga; — l/i 

. 2a:» + 213: + 13 
"*"*• (1 - a?) (1 - 4a:')' 

J. 1 r 1 

(» + 1) (n + 2) L(« + !)(» + 2) (« + 3) ■•■ 



(n + 3U 



(« + !)(» + 3) 



^ns. 0. 



IK ^ I 1 ■ « , 3 \ ^ 2a; 

"• i3i -Ijqri + ^+1 + ^zn)' ^^' snn- 



2 



S6 VBACnOKS. 

21* Perform the multiplications indicated in the follow- 
ing expressions: 

^ 6a ^ J 6axjf 

l2 ^ ^ ^ 7 • "21 ■ 

2. — ■ — X 7- -A««. — ^ — ~ 

a a — * a — o 

3. ^^Zli?x """^^ ^- ^""^^^ 



ic — a 
a; 



4 /g,g\r ^ 1 ^n.. 

\flf ic/L(a + a;)2J 

1 + y a; + a;'\ 1— a;/ 



^- ei«+y^ («-*)»' ^^** 08 - 2o2^ + 2ay- y' 
^ a V (^ , a 



33? 30a; — 60 . 9a? 

^^ 3ar^ — a; 10 . 3a; — 1 

10. — = — X TTs 7- -^***^ 

5 2a;* — 4flJ 

11. ^^"7 J X —7 5T- -4^. 

c^ — 2aJ + y a^ + «> a 



(' 



z — % 


fl*-J» 


aj + ffl' 


o«+ J» 



13 



COMBINATIOKS OP FEACTIOl^S. 27 

a^-a? a^-^y^ / . ax \ . a^-a^J 



^^ n Xh ^ nn.x^ X (« + " " I' Am. 

a + o ax-{-a^ \ a — x/ x 

m* — Zmn (m — w) — w* .m^ + w® 



(m — 7t)2 



22« Perform the divisions indicated in the following ex- 
pressions : 



1. 






e ■ a + J 


%. 


fiX i 

• 


. 5ca; 


9; 


Ihdb lOac 

• 

a — « ■ a* — a? 


. 3J (a + a?) 


4 


2iK» — 7 a» 


a^ 


ic + a • a^ + 2ax + o^ 


5. 




Am. vfi + V. 


6. 


2fla; + a:^ x 

• • 


. 2a + « 

Aii.st -— - 4. 


a^ — a? ' a — x 


^^^- a' + oa; + a^ 


t. 


14a; — 3 Kte — 4 
5 • 25 


70a: - 15 

Am. -^f: T- 

10a; — 4 


a 


9a«— 3a! a? 
5 • 5' 


. 9a; — 3 
Am. 

X 



28 FBACTIOKB. 



6a; — 7 aj-1 . 18a:- 21 

9. — — r- -5 Tz — • Ans. 



a; + l ' 3 a?»— 1 

^^ x + a? 2az + 2aa^ . 7 

^^' -^^-"^ 7 • ^^•6^»- 

a^ — 2aa; 4- a;^ a — » 

6 6 y 

13. — r^— -5 r-ir- Am. — 

a -i- a -i- m 

14 i3^[i__^_aj. . ^^.____. 

15. "^ + ^H-g- ^«,.J + *1 

XX a 

x—b Sex . Ad{x — h) 

^^- ~6^"^4?' -^"^^ 18c^ • 

17. a-T- 1 — ; — X 1- Arts. — ^^^. 

\x + y x^yj X 

18. I^^^(^xi^). ^«*.8«. 
2(a + ^) \ 2a a + b/ 



23. Simplify each of the following expressions : 



a 
ab 


+ 


b 

a+ b 


a 




b 



ab^a+b . (a + a + y)(g-}) 

^' ' ' "*"*• b (a» + J») 

a — J a + b 



COMPLEX FBAOTIOl^S. 29 



2. 


a 
a + b + l 


3. 


, b — a 



Ans, — 
a 



, Ans. b, 

- b -—a 
1 — a -r =- 

1 4- a* 

2a + b 

. a + b 

4. — • Ans. 1. 

1- 



a + b 
a^ + b^ 



1__J_ ^ a; a;(l— a!») 

l+« 1 — « 1+a; 

1 1 

- + 



X '\- a X — a 

o X X X — a X -\- a . 4a^ 
o. : . . Ans. 



« — a x + a X + a x — a a^-^al^ 

X — a x + a 



30 EQUATIONS. 



Z 

+ c bdf +bB + cf 

di + e 

' 1 ' 



'J 



SiaNS OF FRACTIONS. 



24. — 1. What ifl the real sign of the fraction -= — — ^rs , 

oa + OCT 

when a = — 3 and S = 2 ? Ans, +. 

2. What is the real sign of -r — ^^-7 75, when a = 

a'' — Zao + 0* 

— 3 and J = 1 ? Ans. —. 

3. What is the real sign of pr? — 7-1x59 when o = — 3 

° 3(a+^)*^ 

and J = 2? Ans. +. 

4. Show that the real sign of "" , is contrary to 3iat 

of =, and the same as that of ^ . 



TEANSFOEMATION OP EQUATIONS. 

CLEARING EQUATIONS OF FRACTIONS. 

26. Transform each of the following equations into an- 
other whose terms shall be entire : 

1. ??+i2 = ^ + Si. ^w^. 9a; + 144 = 10a? + 108. 



TRAK8P0SITI0N« 31 



^- 5 + ? + 7 = ^6- ^^«- 6ri; + 4a; + ^x = 312. 

/6 t> 4: 

^' 5*^4 + 3-2 + ^^- 

JfW. 12« + 15d( + 20:« = SOa; + 1020. 

4. ¥-l = :^ + t- ^«s. 8a; - 12 = a; + 16. 

5. 13| _ la; = 2a; — 8|* -47w. 65 — 2a; = to — 36. 

. 2a;--6 a; — 4 3a; 

^- ^^^ 9 13-^- 

Ans. 234a; — 702 — 66a; + 260 — 136a; = 0. 

X a; — l__3aJ-^4fl; 

^' 8 21~ ~ 15 "*■ 12 

Ans. 15a; — 48a; + 48 = 24a; — 32 + lOx. 

10 — 3a^ 
x^m 2~6a: _ ' 4 

^- 2 i3~"^ 39 • 

Ans. 78a;— 163— 24 +72a;=156a:— 20a; + 10— 3a;. 

4a;-17 3|-22a;_ 6/ a^\ 

^- 9 33 -^""ajr^Si/- 

^ws. 44a;3_i87a;_iia;^66a«=99a;»— 594+lla;8. 



TRANSPOSITION OP TERMS. 

26. In eacb of the following eqtations tr&nqpose the 
unknown terms of the second member into the firsts and the 
known terms of the first member into the secotid : 

1. 2a; + 13 = a; + 17. Ans. 2a; — a; = 17 -- 13. 

2. 7« — 6 = 6a; — 4. Ans. 7a; — 6a; = 6 — 4. 



32 SIMPLE EQUATIONS. 

3. 4jr + 2 = 3a: + 9. Ans. 4a; — 3a; = 9 — 2. 

4. 4a; + 2fl = 3a; + 7J. Ans. 4a; — 3a; = 7J — 2a. 

5. a; — - o = (J — a)x. Ana. a; -|- (a — J) a; = a. 

6. 7a; — 4— (3a; — 11)= 0. Ans. 7a;— 3a;=:4-ll. 

7. 2a; — 6 (1 + a;) — 7 = 0. Ans. 2a; — 6a; = 7 + 5. 

8. a;8 + 80 = 600 — Ca;. Ans. a:^ + 6a; = 600 — 80. 

9. (2a; — 3)^ = 8a;. Ans. ia? — 12a; — 8a; = — 9. 
10. (a + a;) (a — a;) = J2 _ %x. Ans. 2a;— a^=i2— ^a. 



SIMPLE EQUATIONS. 

SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY. 

27, Find the value of x in each of the following equa- 
tions : 

1. 3a; — 4 = 7a; — 16. Ans. a; = 3. 

2. 3a; + 9 — 1 — 5a; = 0. Ans. a; = 4. 

3. 4a; + 7 = a; + 21 + a;. Ans. a; = 7. 



4. bax -'C=:b — Sax. Ans. x = 



8fl ' 



5. ax + bz=:9x + c. Ans. x = 7; . 

9 — a 

3 1 

6. 2a; + ja; + ga; — 3a = 45 + 3o. 

. _ 485 + 72a 

37 



OlfB UNKNOWN QUANTITY. 33 



7. I + I + ^ ::^ 39. Jins, X == 36. 

« o 4 

^- 2 + 3 + 4 = ^- Ans.x = —. 

. 3a; -11 5a; — 5 , 97 - 7a ; . 

9. 21 H r^ — = — 5 1 5 . -4w5. a; = 9. 

Id o /w 

10. ^ + 2i + 11 = ^ + 17. Ans. x = 10. 

11. ? - 5 + ? + 8 + f - 10 = 100 - 6 - 7. 

O 4 d 

-4w5. a; = 120. 

_ 6a; + 7 . 7a; — 13 2a; + 4 . , 

1^- -9— + -6^+3- = -3— ^^^.^ = 4. 

_ 7a; + 16 a; + 8 a; . ^ 

13. -^^ 4^3n=3- Ans.x = %. 

^, 9a; + 20 4a; — 12 .a; • . ^ 

14. _^^ = .^--j- + -. ^n..a; = 8. 

^^ 20a; . 36 . 5a; + 20 4a; ,86 . . 

^^- -2y + 25 + 9^irT6 = y + 25- ^^^-^ = 4- 

^^ 3a; a; — 1 ^ 20a; + 13 . . 

16. -^ ^i — = 6a; r, . Ans. a; = 5. 

4 2 4 

17. ^ + 1 = 20-^. Am.z = 9. 

18. ^ + i+? = i6_i+l. Ans.x = Xi. 

<f o 4 

■in o a; + 3 , _ 12a; + 26 . ,^ 

19. 2a; i f- 15 = =^ . Ans. x = 12. 



34 8IHPLB BQUATIOKS. 

20. x-^^ = '^. Ans.x = 12. 

6 4 

o, 5a; f 6 , 6j: — 12 . ^ 



22. 



2a? + « a; — J Sax + (a — J)* 



a ab 

Ans. x=: 



a + b' 



Ana. X = Slfi- 

2a! — 36 a (« — 10) 

„, *~~9~ »-18 , „ '^'^ "3 

Ans* a; = 36. 



28. — 1. What number is that, to the double of which if 
18 be added, the sum will be 82 ? Am. 32. 

2. What number is that, to the double of which if 44 be 
added, the sum will be equal to four times the required 
number? Ans. 22. 

3. What number is that, the double of which exceeds its 
half by 6 ? Ans. 4. 

4. From two towns which are 187 miles distant, two 
travelers set out at the same time with the intention of 
meeting. One of them goes 8 miles, and the other 9 miles, 
a day. In how many days will they meet? Ans, 11. 



ONE UNKNOWN QUAISTTITY. 35 

5. A man distributed $60 among four beggars To the 
second he gave twice, to the third three times, and to the 
fourth four times as much as to the first. What did he give 
to each ? Ans. $6, $12, $18, $24 

6. A bookseller sold 10 books at a certain price, and 
afterward 15 more at the same rate. At the second sale he 
received $10 more than at the first What did he receive for 
each book ? Ans. $2. 

7. A, B, and C together have $140. A has twice as much 
as B, and B three times as much as G. How much has 
each? Ans. A, $84; B, $42; C, $14. 

8. Four merchants, A, B, C, and D, entered into a spec- 
ulation, for which they subscribed $4755, of which B paid 
three times as much as A; C paid as much as A and B; 
and D paid as much as C and B. What did each pay ? 

Ans. A, $317; B, $951; C, $1268; D, $2219. 

9. A tailor bought three pieces of cloth, which together 
contained 159 yards. The second piece was 15 yards longer 
than the first, and the third 24 yards longer than the second. 
What was the length of each piece ? 

Ans. 1st, 35 yds.; 2d, 50 yds.; 3d, 74 yds. 

10. A cask which held 146 gallons was filled with a mix- 
ture of brandy, wine, and water. In it there were 15 gallons 
more of wine than of brandy, and as many gallons of water 
as of wine and brandy together* How many gallons were 
there of each ? Ans. 29 of brandy, 44 of wine, 73 of water. 

11. A person employed four workmen, to tiie first of 
whom he gave $2 more than to the second, to the second $3 
more than to the third, and to the third $4 more than to 
the fourth. Their wages amounted to $32. What did each 
receive ? Ans. Ist, $12 ; 2d, $10 ; 3d, $7 J 4th, $3. 
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12. What number is that whose third part added to its 
fourth part makes 21 ? Ans. 36. 

13. A man has a lease for 20 years, and one-third of the 
time past is equal to oue-half of the time to come. How 
much of the time has passed? Ans, 12 years. 

14. What number is that, from which 6 being subtracted 
and the remainder multiplied by 11, the product will be 121 ? 

Ans, 17. 

15. Find two numbers whose difference is 6, and if one- 
third of the less be added to one-fifth of the greater, the sam 
will be equal to one-third of the greater diminished by one- 
fifth of the less. Ans, 2 and 8. 

16. Divide 48 into two such parts, that if the less be di- 
vided by 4, and the greater by 6, the sum of the quotients 
will be 9. Ans. 12 and 36. 

17. An estate is to be divided among 4 children, in the 
following manner : 

The first is to have $200 more than J of the whole. 
The second is to have $340 more than \ of the whole. 
The third is to have $300 more than ^ of the whole. 
And the fourth is to have $400 more than \ of the whole. 
What is the value of the estate ? Ans. $4800. 

18. In the composition of a quantity of gunpowder. 
The weight of the nitre was 10 lbs. more than f of the 

whole. 

The weight of the sulphur was 4J lbs. less than \ of the 
whole. 

The weight of the charcoal was 2 lbs. less than \ of the 
nitre. 

What was the weight of the gunpowder ? Ans. 69 lbs. 
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19. A man allows $1000 per annum for the expenses of 
his family, and annually increases that part of his capital 
which is not so expended hy one-third of it ; at the end of 
three years his original capital will be doubled. What is the 
original capital ? Ans. $14800. 

20. Divide $183 between two men, so that 4 of what the 
first receives shall be equal to f^of what the second receives. 

Ans. $63 and $120. 

21. Divide the number 68 into two such parts that the 
difference between the greater and 84 shall be equal to three 
times the difference between the less and 40. 

Ans. 42 and 26. 

22. A laborer engaged to serve for 60 days on these con- 
ditions: That for every day he worked he should have 75 
cents and his board, and for every day he was idle he should 
forfeit 25 cents for damage and board. At the end of 
the time a settlement was made and he received $25. 
How many days did he work, and how many days was he 
idle ? Ans. He worked 40 days, and was idle 20 days. 

23. A boy engaged to carry 100 glass vessels to a certain 
place, and to receive 3 cents for every one he delivered, and 
to forfeit 9 cents for every one he broke. On settlement, he 
received 2 dollars and 40 cents. How many did he break? 

Ans. 5. 

24. A person engaged to work a days on these conditions : 

For each day he worked he was to receive b cents, for each 

day he was idle he was to forfeit c cents. At the end of a 

days he received d cents. How many days was he idle ? 

J ab — d J 
Ans. -z days.* 
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25. It ifl required to diyide the number 204 into two such 
partSy that f of the leas being taken from the greater, the re- 
mainder will be equal to f of the greater subtracted from 4 
times the less. Ans. The numbers are 154 and 50. 

26. A gambler staked \ of his money and lost, but after- 
ward won $4; he then lost \ of what he had, and afterward 
won $3 ; after this he lost | of what he had, and found he 
had |20 remaining. How much had he at first ? 

Am. $30. 

27. A man spends f of his yearly income for the support 
of his family, and f of the remainder for improving his house 
and grounds^ and lays by 170 a year. What is his income ? 

Ans. $630. 

28. My horse and saddle ape together worth $90, and my 
horse is worth 8 times as much as my saddle. What is the 
value o£ each ? Ana. Saddle^ $10 ; horse, $80. 

29. My horse and saddle are together worth $a, and my 

horse is worth n times as much as my saddle. What is the 

value of each? . a ui * ^ i. * ^wi 

Ans. Saddle, $ — -—zr\ horse, $- 



n + V '^n + 1 

30. The rent of an estate is 8 per cent greater this year 
than last. This year it is 1890 dollars. What was it last 
year? Ans. $1750. 

31. The rent of an estate is n per cent greater this year 
than last. This year it is a dollars. What was it last year ? 

^^^' $ 1 AA . — 
100 + n 

32. What number is that of which ^, \, and f added to- 
gether make 73 (a) ? . CA n y A 84a 

^ ' Ans. 84. General Ans. -=5- 
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33. A and B have the same mcome. A oontracts aa an- 
nual debt amounting to 4^ of it ; B lives upon -J of it ; at the 
end of two years B lends to A enough to pay off his debts, 
and has 32 {a) doUaiie to spare. What is the income of each P 

35a 
Arts. $280 or — r-. 

4 

34. A person after spending 100 dollars more than \ of 
his income, had remaining 35 dollars more than ^ of it. Be- 
quired, his income. Ans. 1450. 

35. A person after spending a dollars more than \ of 
his income, had remaining b dollars more than ^ of it 
Required his income. . 21{a + b) ^ ,, 

36. A sets out from a certain place, and travels at the 
rate of 7 miles in 5 hours; and 8 hours afterward B sets out 
from the same place in pursuit, at the rate of 5 miles in 3 
hours. How long and how far must B travel before he over- 
takes A ? Ans. 4:2 hours, and 70 miles. 



SIMPLE EQUATIONS WITH TWO UNKNOWN QUANTITIES. 

29, Solv^ the following groups of simultaneous equa- 
tions: 
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lSte + 13y-37 = 0|. ^„,.^^2,y = l. 



6. 



6. 



7. 



a 



9. 



10. 



/ 



nx — 19y — 15 = 

%x- 9y = llL Ans.x = l,y=-1. 

3a! — 12y = 15 ) " 

9x-iy= 8) Ans.x = i,y = 7. 

IZx + 7y = 101 J " 

3y- ^ = 1041. Ans.x = U,y=:i6. 

5ar — % = 78 ) " 

7y+7 =3a!) J««.a; = 7,y = 2. 

11a; + 5y = 87 J * 

6a;= 9 + 3ar) .„, ^_„ „_« 

5y = 16-2xr ^»M.a; = 3,2,_2. 

2a; + 3y = 32) . - g 

lly-9a;= 35 ^n* a; _ 7, y - b. 



3y — 4a; — 1 = 

18 — 3a; 



_ >• • Ans. « = 2, y = 3. 

i x + y =c) a + b ^ a + b 

(px + qy:=ir) aq— bp ^ aq — bp 

( ca; + ey = w ) aa + Jc ^ a« + dc 
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16. \ V ^*^" ' 

(a (3a — X) =: 



{3a — z) = b(x + y) 



\ 



Arts. X = —^:rr'^ y = 



a + 2y 



\hx — oy = d f 



b(a + %b) ' 



A _ ^^ + *^ __ dc — arf 



( 3a:y z= (a; + 1) (3y + 1) ) ' ^ 

Ux + 6)(y+7) = {x + l){f,^9) + 112) 
(2a? + 10-(3y + l) = ) 



20. ^ 



| + 3y=39 






21. < 



| + 3« = 31 
? + ^ = 43 

5 + ^ = 42 

x + y = S 

22. i a;-y '^^-y _ 
2 ■*■ 3 "" 



4w5. rr = 3, y = 6. 



^W5. a; = 9, y = 12. 



^^. a? = 144, y = 216. 



4 
3 



^ws. a: = 2f , y = 5^ 



23. ^6^7 
(2a;+y 

r«_y 

a b 



24. . 



5 
50 

- — ^ = m 



u4»«. a; = 18, y = 14 



X y 



n 
Ans, X 



ac {bm + dn) __ bd {en — am) 



ad + be 



y = 



ad -i- be 
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25. 



^ — 1 =:0 

2 3 



22; 



3y- 



2 3 

-8l^=7y — 14 



-^r 



^««. a? = 4, y = 3. 






( 



^n«. x = If, y = lif . 



27. ^ 



7 + a; %x — y „ 
-5 4^ = 3y-6 



5y — 7 4a; — 3 _ 
2 "^ 6 



' . Ana. 2 = 3, y = 2. 



= 18 — 5» 



28. < 



29. ■ 



2^3 

«_y_i 

3 8~"2 



30. < 



s'^'a — s 



5 J.?-?! 

2"^3~"6 



y. 



31. « 



8 + o2' = y-2 



y + ja; = a!+ 6, 



? + ? = 14 
32. -(4^7 

2a; — y = r 



Ans. a; = 63, y = 18. 



Ans. x = 6, y = 12. 



J««. a; = 1, y = 2. 



Ans. a; = 4, y = 9. 



^m«. a; = 28, y = 49. 
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33. 



2ic — 



y-3 



= 4 



3y = 9 



a: — 2 



> • 



34. < 



x + y 3a?-2y _3l 
3 ■*■ 4 ""4 



I 



17a;~31y = ^ 



35. < 



' x + y , g — y 



= 59 



ic _ 3y 



36. 



2 



= 8 



~r" "^ 4 - ^^ 



> . 



^rj j .ly + .125a; = y — a;) 
( y — .5iB = 3y — 3x ) 



Ana. x = 2, y = 3. 



92 89 

. . Ans. x=: -r^, y = 



123' 



246 



Ans. a? = 99, y = 15. 



Ans. a; = 18, y = 6. 



Ans* x=z^ y = 5. 



38. ^ 



a^4 



a; 

1 — - 

c 



> . 



^W«. X = 



(gft + ac — be) abc ^(ae-^ab^bc) abc 



QQ i^4-(y-aj) = 6(y-m)) 

( y = a: + 10 ) ' ^ 



u 



SDCPLX BQHATIOSTB. 



SIMPLE EQUATIONS WITH MORE THAN TWO UNKNOWN 

QUANTITIES. 

30. Solve the following groupB of simnltaneous equa- 
tions: 

1. j a? + 2y + 3«= 105 > . Ans. a;== 24, y = 6, z = 23. 
( a; + 3y + 4^; = 134 ) 



2a; + 3y + 4z = 29 

2. -( 3a: + 2y + 52? = 32 

i^ + 3y + 2z = 26 



Ans. a? = 2, y=:3, «=4. 



3. < 



4. 



5. 



2 + 3 + 4 = ^^ 
a: v 2? 

3 + 1+5=*^ 



>- • 



L4 + 5 + 6-^^ 



^ + y + ^ = 90 

2a!J + 40 = 3y + 20 
2a: + 40 = 45 + 10 

5a: + 3y = 65 
2y— zz=z 11 

3a: + 4? = 57 



^fw. a: = 24, y = 60, « = 120. 



An^ a: = 35, y = 30, 2;=25. 



Ans. a: = 7, y = 10, 2; = 9. 



6. ^ ? 



12a:^-y + 16;f=9|| 



3 + 4iy + 32;? = 9| 
16 

-5-«-^y+4;?=i^ 



. . Ans. a: = g, y = -, a? = j. 
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7. 



X 


+ y + ^ 


= 31 


X 


+ y — z 


= 25 


X 


-y-« 


= 9 


X 


+ y + « 


= 26 


X 


-y 


= 4 


X 


— z 


= 6 



Ans. a: = 20, y = 8, ;p = 3. 



Ans. ic = 12, y = 8, 2; = 6. 



A718. a; = 39, y = 21, « = 12. 



Ans. a; = 64, y =. 72, ^ = 84. 



8. 



X — y — z-=z 6 

9. ^ 3y — a; -- 2; = 12 

tz — y — a; = 24 

^ + |y = ioo 
1^- ^ y + j2j = ioo 



z + -jx^ 100 
4 

a; + y = rt 
11. \x+ Zzzih 

y + z= c 

a + b-^e a -\- c — b b-^c-^a 
Ans, x = ^ , y = ^ , z = . 

w + v + a? + y = 10^ 

U + V + X + 2J = 11 

u + V +y + «=12 

u + X + y + j? = 13 

^i; + a:+y+2; = 14J 

Ans. a? = 3, y = 4^ z=z6, u=zl, v = 2. 

2x = u + y + z^ 
3y = tt + a? + z 
Az = u + X + y 
i* = a; — 14 

Afis. w = 26, a; = 40, y = 30, z = 24. 



12. 



13. < 



> . 



/' 
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Ans. x=2i, y=60, «=120. 



14 ■< 3* + jy + g2 = 47 

X + a= y + z 

16. -{y + a=:2z+ 2z 

z + a=:dx + Sy . 

16 7 

2a? + y — 2z = 40 
4y — a; + 3j? = 35 
16. J- 3tt + ^ = 13 > • 

y + tt + ^ = 15 
, 3a; — y + 3^ — w = 49 ^ 

^n«. a; = 20, y = 10, « = 6, u = 4, ^ = 1. 



31« — 1. What two numbers are those, to one-third the 
sum of which if I add 13, the result will be 17 ; and if from 
half their difference I subtract 1, the result will be 2 ? 

Ans. 9 and 3. 

2. Find a fraction, such that if I add 1 to its numerator, 
it becomes i, and if I add 3 to the denominator, it be- 
comes i. Ans. -j^. 

3. A rectangular room haying been measured, it was ob- 
served that if it were 5 feet broader and 4 feet longer it 
would contain 116 square feet more ; but if it were 4 feet 
broader and 5 feet longer, it would contain 113 square feet 
more. Find its length and breadth. 

Ans. Length, 12 feet ; breadth, 9 feet 
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4. A cask B contains 12 gallons of wine and 4 gallons of 
water ; another cask C contains 8 gallons of wine and 12 
gallons of water ; how many gallons must be drawn from 
each cask so as to produce, by their mixture, 7 gallons of 
wine and 7 gallons of water ? 

Ans, 4 gallons from B, and 10 gallons from C. 

6. A sum of money was to be divided among three per- 
sons, A, B, and G, so that A's share should exceed 4 of the 
sum of the shares of B and C by 1120, the share of B should 
exceed f of the sum of the shares of A and by 1120, and 
the share of G, likewise, should exceed f of the sum of the 
shares of A and B by $120. What was the share of each ? 

Ans. A's share, $600 ; B's, 1480 ; G's, 1360. 

6. A and B together can earn $40 in 6 days ; A and G 
together can earn $54 in 9 days ; and B and G together can 
earn $80 in 15 days. What can each person earn in a day? 

Ans. A, *3|; B, $3; G, $2f 

7. The sum of the ages of A, B, and G is 18 years; the 
sum of the ages of A, B, and D is 16 years; the sum of the 
ages of A, G, and D is 14 years ; and the sum of the ages of 
B, G, and D is 12 years. What is the age of each ? 

Ans, A, 8 years; B, 6 years; G, 4 years; D, 2 years. 

8. A man left a sum of money to be divided among four 
servants, so that the share of the first should be ^ the sum 
of the shares of the three others ; the share of the second, \ 
of the sum of the shares of the three others ; the share of the 
third, ^ of the sum of the shares of the three others ; and 
it yfQ& found that the share of the last was $14 less than that 
of the first. What was the amount of money divided, and 
what was the share of each servant ? 

Am. Amount divided, $120 ; shares, $40, $30, $24, $26. 
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9. A jockey has two horses and two saddles^ one of the 
saddles being worth $15 and the other $10. Now^ if the 
better saddle be put on the better horse, the yalne of the 
better horse and saddle will be ^ of the valne of the other 
horse and saddle ; bat if the better saddJe be put on the 
poorer horse« and the poorer saddle on the better horse, the 

, value of the better horse and saddle will be 1-^ that of the 
other horse and saddle. What is the value of each horse ? 

Ans, Better, $65 ; other, $50. 

10. A and B together can perform a piece of work in 16 
days. They work together for four days, when A being 
called off, B is left to finish the work, which he does in 36 
days. In what time could each alone do the work? 

Ans. A in 24 days ; B in 48 days. 

11. K the numerator of a certain fraction be doubled, and 
the denominator be increased by 7, the resulting fraction is 
f; but if the denominator be doubled and the numerator 
increased by 2, the result is f . Find the fraction. Ans, f . 

12. Some hours after a courier had started from A to B, 
which are 147 miles distant from each other, a second courier 
was sent, who wished to reach B at the same time with 
the first ; to accomplish this, he must travel the distance 
from A to B in 28 hours less time than the first did. Now, 
the time in which the first travels 17 miles added to the time 
in which the second travels 56 miles is 13f houra How many 
miles does each travel per hour? 

Ans, 1st, 3 ; the 2d, 7 miles per hour. 

13. Find two numbers such that the sum of ^ the greater 
and ^ the less shall be 13, and the difference between ^ the 
greater and ^ the less shall be nothing. Ans. 18 and 12. 
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14 A man has to travel a certain distance; when he 
has traveled 20 nliles he irioreaseB his speed 1 mile per 
hour; if he had traveled with his increased speed during 
the whole of his journey, lie would have arrived 40 min- 
utes earliier; hut if he had kept on at his first r^U^ he 
would have arrived 20 minutes later; how far did he travel? 

Ans^ 30 miles. 

15. Find three numbers, such that the first With ^ the 
sum of the second and third shall be 120 ; the second with 
^ of _ the difference between the third and first shall be 70 ; 
and i the sum of the three numbers shall be 95. 

Ans. 50, 65, 75. 

16; A nutnber is expressed by three digits ; the sum of 
iiiefiie digits is 11 ; the figutis in the Utiits' place is domble 
that in the hundreds' place ; and when 297 is added to the 
number, the sum obtained is expressed by the same digits in 
ah inverted of der. What is the ntimber? Ans, 326. 

17. Divide the number 90 into three such parts, that 
twice the first part increased by 40, three times the second 
j^rt increiased by 20^ and four times the third part increased 
by 1(^ may be equal to each other. Ans. 35, 30> 25. 

18. If B*fl age be subtracted from A's, the differ6nc6 will 
be C's age ; if five times B's age be added to twice (7s age, 
and from the sum A's age be subtracted, the remainder will 
be 147 years; the sum of all their ages is 96 years. What is 
the age of each ? 

Ans. A's, 48 years; B^s, 33 years; C's, 15 years. 
3 
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INTERPRETATION OF NEGATIVE RESULTS. 

JPBOBX,SM8. 

32. — 1. The joint property of A and B amonnts to 1120, 
and A is worth $160 more than B. What amount of prop- 
erty has each ? Ans. A, 1140 ; B, $—20. 

Interpret the negative result 

2. A and B commenced trade at the same time ; A had 
three times as much money as B. A gained $400 and B 
1150, when it appeared that A had twice as much money as 
B. How much did each have at first ? 

Ans. A, $—300 ; B, $—100. 
Interpret the result, and modify the enunciation so that 
the result shall be $300 and $100. 

3. Find a number the one-fourth of which exceeds the 
one-third of it by 12. Ans, — 144. 

Modify the enunciation so that the result shall be + 144. 

4. A is 30 years old and B is 15 years old. When will 
the age of A be three times that of B ? Ans. — Hi years. 

Interpret this result, and modify the enunciation so that 
the result shall be + 7J years. 

5. A worked 7 days and B 3 days, and together they re- 
ceived for wages $22. If A had worked 5 days and B 1 day, 
they would have received $18. What were the daily wages 
of each? Ans. A, $4; B, $—2. 

Interpret this result, and modify the enunciation so that 
the result shall be $4 and $2. 
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6. A man worked for a person ten days, having his wife 
with him 8 days, and his son 6 days, and received $10.30 
as compensation for all three ; at another time he worked 
12 days, his wife 10 days, and son 4 days, and received 
$13.20; at another time he worked 15 days, his wife 10 days, 
and his son 12 days, at the same rates as before, and received 
$13.85. What were the daily wages of each ? 

Am. Man, $0.75; wife, $.50; son, $—.20. 

Interpret this result, and modify the enunciation so that 
the result shall be $.75, $.50, $.20. 

7. B is rf miles in advance of A; B travels h miles per 
hour, and A travels a miles per hour. When will A over- 
take B ? A T d X^ 

Arts. In T hours. 

Interpret this result when a < J. 



VANISHING FEAOTIONS. 

33.— 1. Find the value of / ^"" ^ ) Am. 4. 

VI — xlx^i. 



( 2J^ •"" 1 ) 

2. Find the value of \ 77—; — tt; r [ 



iC*— 1 

-'X)\x 

Ans. —2. 



3. Find the value of \ 7 t^ l Am. 00 . 

((a — J)Ma = &. 

4. Find the value of (tz:l^±^^^^ 



a. 

Ans. 0. 



5. Find the value of \ "^ x ^V^'l 



Ans. 1. 
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r i-« 1 



6. Find the value of ^ 



X — a^ 



3 



(^ - V) 



A7i%. 00 



a = & 



INDETERMINATE EQUATIONS. 

34^ — 1, Is the equation a; + y = 10 indeterminate ? 
Why? 

2. Are the equations 



j a: + y + 2J = 100 ) 
(a;--.y — 2;= 50) 



indeterminate ? Why ? 

3. What relation must subsist between m, n^ py and y 
in order that the equation mx — n=zpz — q may be in- 
determinate ? Ans. m = p and n = q. 

4. What relation must subsist between a, m, n, p, r, and 
« in order that the equations 

{ax — my = r ) 
Inx — py = 5 ) 

may be indeterminate ? Ans. pr = msy ap = mn. 

5. How many values have x and y in the equations 

( 8a;-4y = 2)p 
( 12a; — 6v = 3 5 



Ans. An infinite number. 
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mDETERMmATE PROBLEMS. 

36. — 1. Find two positive integers whose stim is 5. 

An^. 1, 4 ; 2, 3. 

2. Find two positive integers, such that if the first be 
added to twice the second, the sum will be 12r 

Ans. 10, 1; 8, 2; 6, 3; 4, 4; 2, 5. 

3. Find two positive integers, such that if four times the 
first be added to three times the second, the sum will be 24. 

Ans, 3 and 4. 

4. A man paid 1500 for cows and sheep ; he bought cows 
at 117 each, and sheep at 15 each. How many of each did 
he buy ? 

Ans. 5 cows and 83 sheep ; 10 cows and 66 sheep ; 15 
cows and 49 sheep ; 20 cows and 32 sheep ; or 25 cows and 
15 sheep. 

5. A boy had between two and three dozen apples; when 
he counted them out by 4 ^t a time, there were three left ; 
and when he counted them out by 5 at a time there was one 
lefb. How many apples had he ? Ans. 31. 

6. Find a positive integer, such that if it be divided by 
5, 6, and 7, the corresponding remainders may be 4, 5, and 6. 

Ans. 209. 

7. A boy had between one and two dozen oranges ; when 
he counted them out by 2 at a time, there was one left ; 
when he counted them out by 3 at a time, there were two 
left; and when he counted them out by 4 at a time, there 
were three left. How many o!ranges had he ? Ans. 23. 
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INCOMPATIBLE EQUATIONS. 



mOOMPATIBLE EQUATIONa 



36« — 1. Are the eqaations 

x-y 

X 

y 

ineoinpatible ? Why ? 



= 6 
= 1 



:^ = 6 



2. Find the values of x and y in the equations 

f x+ y = 8 
2ir + 3y = 1 
a; = 2y 

Ans. The equations are incompatible. 

3. Find the relation which must subsist among the 
quantities a, b, c, d, e,f, and s, in order that the equations 

az + by = 8 ' 
ex —dy = e 

^=fy 



may be compatible. 



Ans, be + ds =^/{c8 — ae). 



4. How many conditions are there in the problem which 
would furnish the equations 




Is the problem jwssible ? Why ? 
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INEQUALITIES. 

REDUCTION OF INEQUALITIES. 

37. Beduce the following inequalities : 

1. 7a; — o" > "q" + ^* ^^- ^ > 2« 

^ 6x + 7 ^dx — S . ^51 

2. ^— >_^_. Ans.x>^-, 

oo a? + 2^2a: + 3 . ^22 

3. 3a: i — < — =^ — . Ans. a; < 7^. 

4 5 47 

3a; 4a; a; 

"2" + "3" ^ — 4 6 

2a; + g a; — ft 3ga; + (a — b)^ 
ha ab 

^»«. a;> 



a + ft* 



«■ S+5-S>''- ^-«>2^l5^- 



COMBINATION OF AN EQUATION WITH AN INEQUALITT. 
38* Find a limit for x and y in the following groups : 

o ( 5a; — 4y < 19 ) 
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imroLUTioir. 



3. 



— K — H-y — ■«: 



► • 



Ans* oj > 11, y < 1. 



4. 



2a; -|-7y , _ 2 (2a; - 6y + 1) 






5. 



ra; + l 1 



a; 



[y + Z 3J 



• • 



-4w5. a; < 4, y < 1. 



^7W. a; > 5, y > 12. 



6. 



2^ 3^ ^4 
2^3 ^4 



•• • 



Arts. X > If, y < If. 



INVOLUTION AND EVOLUTION. 

INVOLUTION. 



POWERS OF MONOMIALS. 



39. Verify the following equations : 



1. 


(a*)* = aP. 


5. 


(aJ8)« - flW 


2. 


(_tf«58)«__a»}W 


6. 


(3a2a;a»)» = 243«%%» 


3. 


{a^f = flM. 


7. 


(_ 0")"*= a"*" if »» is eTen. 


4 


(^ «»)« = - a». 


8. 


( -«•)"= — «"•» if m is odd. 
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POWERS OF POLYNOMIALS. 

40. Verify the following equations: 



1. {a + b +cy=:a^ + 2ai + l^ + 2ac + 2bc + c^. 

2. {a-^b + C'-d)^ = a^+ 2ab + S*+ 2ac + 2be+<^— 
2ad — 2bcl — 2cd + cP. 

3. (a8 - da^ + 3a}3_ J8)2-- o«— Ga^J + 15a*J2— 20a8J» 
+ 15a2^ — 6ab^ + ¥. 

4. (1 — 2a; + 3a:2)8-- i _ 6a; + 21a?»— 44a;«H- 63a:*— 54a« 
+ 27a;«. 

5. (a + * + c)8 = «» + 3a2J + 3aZ>3 + S* + c» + Za^c + 
6aic + 3S2c + da(? + Sbc^. 

6. {x + 2)^ = 0^ + 63^ + 12a; + 8. 



7. 
8, 



). (a; + 55 )» = a;» 4- 6a^» + l*^a; + 8. 

r. (a; — 2)4 = a;* — S?;^ + 24ar^ — 32a; + 16. 

3. (a; + 3)s = a:5 + 15a;* + 90a:» + 270ar^ + 405a; + 243. 

9. {2m — 1)8 = 8iw8 — 12m» + 6m — 1. 

0. (3a; + 1)* = 81a;* + 108a;» + 54a:8 ^ i2a; + 1. 

il. (2a; — ay = 16a:* — 32fla;» + 2^^x^ — Sah^ + a*. 

12. (1 + 2a; — 3ar»)« = 1 + 10a; + 26a^ — 40a;»— 190a:* -f 

92a;5 + 5703:6 _ seOir^ — 675a;8 + 810a;» — 243a;«>. 



10. 
11. 



POWERS OF FRACTIOKS. 

41. Verify the following equations: 
^5 j ^20 



58 BTOLUnOK. 

i a — ft \«_ g» — 3a»6 + ZaV + ^ 

/a? ^\*_^_ ^ , ??_?!. 
' \a~" a;/ ""a* a a; jc' 

EVOLUTION. 
BOOTS OF MONOMIALS. 

42. Verify the following equations by extracting the 
indicated roots : 



1. Vi^ = ± 2ay. 5. \/8ia<^ = ± 9aW 

3. \/5V=±a:*y. 7. v^— 64aV=: — 4a«». 

4 VT6a^^ = ± 4aftA 8. ^3fi^=art/»^. 

SQUABE BOOT OF POLTKOMIALS. 

43. Verify the following equations by extracting the in- 
dicated roots : 

1. VCa' - 4aft + «») = ± (a - 2ft). 

2. V(a» — 2aft + c» + J2 + 2ac — 2fte?) = ± (a— J + 0- 

3. \/(a< + 4a:5 + 2a:* + 9a;« — 4a; + 4)=:± {a^+ 2a;»— 
a; + 2). 



■s 



CUBE BOOT OF POLYNOMIALS. 69 

5. V(«* — 6a:8y + \Z^y^ — 12a;y8 + 4y*) = ± (a;^— 3a;y 

6. V(l — iB® + 26ic* - 30a«+ 6a:) = ± (1 + 3a; — 5a;2). 

7. V(4«* + 13aa:8 + 13a^ + 6a^ + a*) = ± (2a?» + 
3aa? + c^\ 

8. V(^— 2as^— a*a:*+ 2a«aj3+«®) = ± (a:*— a^— a*). 

9. V(4a2+ 9}3+ 16c3— 12ai + 16ac— 24Jc) = ± (2a— 
34 + 4c). 

10. VCOa* — 12aft + 30a(J — 6arf + 4*2 — 20Jc + 4Jrf + 
25c8 — lOcd + eP) = ± (3a — 2i + 5c — d). 

CUBE BOOT OF POLYNOMIALS. 

44. Verify the following equations by extracting the in- 
dicated roots : 

' 1. ^(a8 + 12a2 + 48a + 64) = a + 4. 

2. ^/(a^ — 3a2a; + 3aa;2 -. a;8) = a — a;. 

3. v^(8a« + 12a;2 + 6a: + 1) = 2a; + 1. 

4. ^(27a8 — 54a2a; + 36aa:3 __ Sa:^) = 3^ — 2aj. 

5. v^(27a:» — 135a« + 225a: — 125) = 3a; — 5. 

6. ^/(ca'Jfi — 12a2^ + 48a^ - 64) = a^ — 4. 

7. >v^(125a«c» - 225a*A;y« + 135aVaY — 27aY) = 

8. ^Sixfi — 36a:^» + 64aY — ^ V) = 2a;^ — 3y«. 

9. ^a« — 6a» + 15a* — 20a8 + 15a2 — 6a + 1) = a^ — 
2a + 1. 

10. ^(a^ — 6a*«+ V + 12a*»+aa?»»— Sa^a:®") = a~— 2aa:*. 
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HIGH£B BOOTS. 



46. Verify the following equations by extracting the in- 
dicated roots : 

1. ^{a* + 8a» + 24a« + 32a + 16) = ± (a + 2). 

2. ^{a^^Sa^ + 2i3^ '^d2x + 16) =z ± {x --2). 

3. \^(Sla^ + 108aj8 + 54a« + 12ar + 1) = ± {3x + 1). 

4. v^(2^-6a*+15a:*— 20a:8+15a«— 6a;+l)=±(a?— 1). 

5. ^(1 — 8ar» + 28a:* — 66a« + 70a< — 56a:» + 28a?« — 
8a;i4 + a;«) = ±(l-a;»). 

6. 'i^(a*« + 9a*»ar* + 36a"*»a;'» + 84a*»a:*» + UQa^x^" + 
1260^3^^+ 84a*"a;^+ 36a>»flf''»+ 9a«aj*»+ «;*•)=:«"•+ a;«. 

BOOTS OP PBACTIONS. 

46. Verify the following equations by extracting the in- 
dicated roots : 




1. 



2. ,/16^=±?^ 

28S* 



3. 



4. 



8 /l25g^ __ Sggy 



V 



, ga — 4ab + 4^>^ _ a— 2J 



a;«+4a^+2a;*+9r»— 4a?+4 «8^ 2a?— a:-f2 



THEOBY OV SXPeH^BiTTS. 61 



'• yS 



«* — |8a^ + gAr* — 32a; + 16 . x-^2 

= it 



c. 



/ 



81a:* + 1082^3 ^ 54^+ i2a? +1 3a; + 1* 



THEOEY OF EXPONENTS. 

47, — 1. Find the cube root of a*^*c^. Ans, a'i* 
. 2. Find the fourth root of arHr^^, Ans. (r^b~^c^. 

3. Find the value of V «*"i"~c«». Ans, cTl H^\ 

4. Find the fourth power of o* — a;* 

-4w«. a* — 4a »a;» + 6aa? — 4a*a;^ + ^. 

5. Find ttie fifth power of a« + a?'. 

.4w5. a* + 5o»a;» + 10aa:» + lOa^a; + 5a^a;^ + a;^. 

6. Find the fifth power of ar^ — y-\ 

Ans. ar^—ha-hf-^ + lOa-sy-S— 10a-2y-»+ 5^-iy^4_^^ 

7. Multiply a;« + y* by a:* — y^. Ans. a; — y. 

8. Multiply 2a;* — y« by 2a;* + y* ^/is. 4a;^ — y^. 

9. Multiply \r^^\^^\^ by 5^+ |^*+|:c*. 

^/^5. ;^a;-ga;^ + ja:^+-a:«. 



62 THBOBT OV EXPOKEKTS. 

10. Divide a^V by — 2a;^y^A Ans. —\x^y^j^. 

11. Divide a»J* — aM + db hj c^b^. 

Ana. a^b"^ — a' J ' + a*J ». 

12. Divide a* — 4«* — 2a;* + 6a? — a« by re* + 2 — 4a;* 

-4w«. a; — a;*. 

13. Divide ^a:A-^a:A + la:*-^a;A-Aa;*-f^a:* 

by a;* — -a?*. -djw. ^a;'— 7ra;'+-a;*. 

D « o 4 

4 13 2 -t 4 

14. Find the square root oi a? + x'—zr^x — o^ + «• 

1/0 o 9 

^ . a;* 2 

J«5. x + ^ — g. 

15. Find the cube root of a«* — 3a« + 3flr* — a-^*. 

Ans. a* — cr*. 

16. Find the cube root of a;* — 3a;* + 3a;* + 2a? + 3a?*— 
3a;* — 6a;** + 3a;** + a^*. Ans. x^ — x^ ■\' a;*. 

17. Find the G. 0. D. of 1 + a;* + a? + a;* and 2a? + 2a;* 
+ 3a:^ + 3a;* Ans. 1 + a;*. 

18. Find the L. 0. M. of (1+a;)*, (1+a?)* and (1+a?)*. 

Ans. (1 + a?)*. 
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BADIOAL QUANTITIES. 

REDUCTION OP SIMPLE RADICAL QUANTITIES. 

48. — 1. Bednce aic to a radical quantity of the second 

2. Beduoe (a + })3 to a radical quantity of the third de- 
gree. ^^5. \^{a+by. 

3. Beduce — r to a radical quantity of the fourth degree. 



w* 



4. Beduce {a + b){a — b) to a radical quantity of the 
fifth degree. Ans. ^(a» - J«)«. 

5. Beduce — (w + w) to a radical quantity of the eighth 
degree. j^^s. — ^/{m + n)\ 

6. Beduce {m + »)• to a radical quantity of the w* de- 
ff^- Ans. v^(m -f n)^. 

49. Introduce the coefficient of the radical &ctor, in 
each of the following expressions, under the radical sign : 

1. 6V2. Ans. V60. 

2. 2^. Ans. v^ 

3. flv^. Ans. ^/M. 

Ans. yfc^. 




64 BADICAL QUANTITIEa 



5. («-^)\/V z!'2t/+y Ans.Va + b. 

6. {m + n) ^yTc. Am. ^bc {m + n)\ 

7. ax^y^^^\ Am. \^a«+V»-« 

8. (a + i){a + J)*. Am. [{a + J)^]* 

9. (T^ib^c^)^. Am. (a-^b-^c^)^. 

10. ar^\fr^c^) . Am. \flr*^J-"c*/ . 

50. — 1. Reduce a/45 to such a form that the factor 9 
shall not occur under the radical sign. ^^^^ 3 >y/5^ 

2. Reduce v^l92 to such a form that the factor 64 shall 
not occur under the radical sign. ^^^^^ 4 ^^ 

3. Reduce 4 V150 to such a foim that the &ctor 25 
shall not occur under the radical sign. ^^2^, 20 Vi6. 

4. Reduce (a + b) ^/(a — b^c to such a form that the 
factor {a — b)^ shall not occur under the radical sign. 

Am. (a» — V) Vc. 

1 

5. Reduce — ; — wim + nYx to such a form that the 

factor (m + n)^ shall not occur under the radical sign. 

Ans. V5. 

6. Reduce [{a + })*]* to such a form that the fEictor 
{a + by shall not occur under the radical sign. 

Ana. {a + 5) (« + S) • 



BBDtrCTION. 65 

51. Eeduce each of the following expressions to another 
in which the quantity under the radical sign shall be entire : 



• 'VI 




2 /- 
Ans. o'^^- 

o 



Arts. ^-^^180. 

o 



t. a\/ — Arts. -Vbc. 

\ c c 

\. a\/ — Ans. - ^/h(f^\ 



6. m' ■ ■»^" ' ^ 



Ans. m(a + i) \^{a — b) {a + bY^\ 



8. (w — n) \/ 



-f 2cmn -f c»' 






/ al^ 1 

6 



66 RADICAL QUANTITIES. 

52, Beduce each of the following radical quantities to 
its simplest form: 

1. V75. Ans. 6 VS. 

2. V98^. Ans. 7a\/2. 

3. Vi^a^. Ans. 2xVdy. 

4. 4^6^. Ans. 3a; v^. 




6. 4v^l08a:. Ans. 12 v^. 

6. V^^ — a^. -4w«. a? Va; — a*. 

7. ^2^. ^»5. 2a ^. 

8. V28aW. -4w«. 2aa;V7«. 

10 

3 



Ans. IVtE. 

o 

Ans. ^a/6. 



1^- Vm^* ^'^^•27^^^(^ + ^)- 

14. ^a^ + aW. Ans. a v^H- ^. 



15. ^aa^s + Ja:^. ^W5. x Va + ia^. 

16. >^5 (a8 + a**). -4^5. a v^5 (1 + aJ). 



REDUCTION. 6? 

53. — 1. Beduce ^f^ to a radical quantity of the sec- 
ond degree. Ans. V^a. 

2. Beduce ^^W to a radical quantiiy of the second 
degree. Ans. ^/itab. 

3. Beduce ^/T^c^ to a radical quantity of the third 
degree. Ans, ^^doi^. 

4. Beduce ^/^^c^^ to a radical quantity of the fourth 
degree. Ans. \/hci^t^c^. 



5. Beduce a/(« + h)^(p — d)^ to a radical quantity of 
the third degree. Ans. y/(p. + hf[c — d)^. 

6. Beduce v^a* (6 -f c)^^ to a radical quantiiy of the 
second degree. Ans. V« {b 4- cfd^. 



7. Beduce ^c^W^d^ to a radical quantity of the m^ 
degree. ^^^ 75W^. 






8. Beduce [(a — Vf {c — d)>»"] to a radical quantity 

of the n^ degree. ^ 

Ans. [(a — }) (c — c?)2»]*'. 

64, — 1. Beduce Vs to a radical quantity of the sixth 
d^gr®^ Ans. v^l25. 

2. Beduce VcW to a radical quantity of the twelfth de- 
P"®®- Am. '\^^i^. 

3. Beduce \^{a + by (a — by to a radical quantity of 
the sixth degree. j^g^ ^(^a _ ^js. 
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4. Eeduce ^/a^Vc^ to a radical quantity of the fifth 
degree. j^^s. v^aiV. 

6. Beduce Vfl^J^^c*^ to a radical quantity of the 
second degree, ^^^. \/aW. 

6. Beduce \/ a' to a radical quantity of the second 
*^g™^- Am. Vi. 

55. — 1. Eeduce V^ and ^ to equivalent expressions 
having equal indices. j^^s. \^i and ^. 

2. Beduce Va and v^ to equivalent expressions hav- 
mg equal indices. j^^s. \^c^ and v^. 

3. Beduce Va, 'V^, '^j V^, and -v^ to equiva- 
lent expressions having equal indices. 

Am. '^/^, A^, 'V^, 'Vd^, '^. 

4. Beduce v^, 'V^S*, and '^^ to equivalent expres- 
sions having equal indices. j^^^g^ v^a^, ^-^^ *'^^. 

n/ » 

5. Beduce -C^, v^^^, v^, '^p^, and y ^* *^ ^^^V" 
alent expressions having equal indices. 

Am. ^a, ^j Vcy ^Vdy ^. 

6. Beduce (a — J)*, (c + (?)***, and (c — rf)* to equiva- 
lent expressions having equal indices. 

m*g n'g fitwy 

-4n«. (a — J) J {c -\- 3) , (c — d) . 
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COMBINATIONS OP RADICAL QUANTITIES. 

66.— 1. Find the sum of Vl6a^ and V4a^. 

Ans. 6a Vx. 

2. Find the sum of VUS and VT2. Ans. 14 a/2. 

3. Find the sum of v^l35 and 4^. Ans. 5 ^5. 
4 Find the sum of 9 v^ and ^v'lOS. ^W5. 12 '^. 

6. Find the sum of A / ^ and A / ^. Ans. ^ V^. 

6. Find the sum of 3 V^ and 3 Vl6a*J. 

^/w. (12a2 -f 3fl) V*. 

7. Find the sum of a (3a%)* and (12a*J)i 

Ans. 3a»(3J)^. 



«f ^vi 



8. Find the sum of 3 A / ;r and 7 




50 

Ans. S-^V^. 



8 /T 3 / 1 

9. Find the sum of 12a/j and ^\/oo 



Ans. 6tv^. 



10. Find the sum of ^ Vcfib and ^ Vi^. 



^^'•(i + ¥)^- 



11. Find the sum of 3 ^^^c and 5a \/^. 

Ans. 8a ^^bc. 
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12. Find the sum of ^54«"-^J», ^256a2»-«Jtt 
^8fli2n+w and \^Uc^a^. 

Arts. {^a% + — + fl~+« + c) v^2^. 

13. Find the sum of Vtf^, ^\/\ *^^ ^V^s* 

-47W. ( 1- ac\ Vfl. 

14. Find the sum of a^Wa* + J* and 5 1+^ • 

57.— 1. Subtract Vs from a/18. -4w«. V2. 

2. Subtract ViSo^ . from \/i08a^. ^^is. 2a; V3a. 

3. Subtract 6 v^2 from 6 v^. ^w«. 6 '^ — 6 v^. 

4. Subtract v^24 from 'V^m. Ana. 2 v^. 

5. Subtract a/- from A/ow- -^'**' TS'^' 

6. Subtract 2a/j- from 3\/-. Ans. ^VlO. 

7. Subtract ^\/^ from ja/q- -4w5. ^j^V^- 

8. Simplify Vl^ — 2 VSO + Vn — Vl8. 

-47W. ^2. 
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9. Simplify 8(1) +i X 12*-| x 27*-2(^) . 

Ans. a Vs. 

10. Simplify 4 \/ii7 — 3 "v/W — 6 \/^. Am. 11 V^. 

11. Subtract 3(|) from 72*. Ans. v^. 

12. Simplify b (8a«J)* + 4a (a«5*)* - (125a«J«)*. 

13. Subtract y(j^) from |(8a''J)*. 

. /3 2an^l 

14. Subtract ^54a»+«J3 from v^56^^i2 



68.— 1. Multiply 6 \/5 by 3^/8. ^tw. 30 a/10. 

2. Multiply 4 ^12 by 3 V2. ^W5. 24 a/6. 

3. Multiply 3 a/2 by 2 a/8. ^7^5. 24. 

4. Multiply 2 v^4 by 3 -^ Am. 12 v^. 

5. Multiply I a/5 by |a/2. ^tj^. iA/lO. 

6. Multiply Va by V*. ^7^5. v^o^^. 
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7. Multiply 4 V3 by 3^ Ans. 12 Vi32. 

8. Multiply 5 Va by 3 ^. Ans. 16 ^. 



9. Find the product of V2a^\ V2ab-\ \^2ai(r\ 
and ^^^=^^W^K ^^ -V'-^^aS^Swi. 

(WC 

10. Multiply (a + *)* by {a + b)i. Ans. (a+b)^. 



1 

n 



11. Multiply (a — *)" by {a - *) *. ^n«. 1. 

1 i i 

12. Find the product of ax% bf/^, and cs^. 

Ans. abc^^/^g^^f^r^. 



69—1. Multiply l-'^v^ + V^« V^ - \^ V^ 
by v^VS"^. 

2. Multiply «* — 2 (a:y)* + y » by a;* — y* 

-4w5. a:^ — 3a?»y* + 3a;^y^ — ^. 

3. Multiply {xf)^^(xf)^-^{xf)^ by (a:3y)i_(a:^)t 

Ans. x^y^ + 2;^y^ — :i^'^^ — a:^yH 

4. Multiply 2 V^ + q '^ + J ^ ^y '^ ~ 5 '^ 
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6. Multiply (a"*) + | iah) \ by G"*) - 

( (a^i) ) . Ans. dr^ — aM. 

6. Multiply (fi + c^x'^ + a*a:~* + o*a:~* + d^x* + 
a; » by a* — oflx^ + a*a;~* — a:~» . 

7. Find the product of {a + J)"*, (a + J) , (a — h) , 
and (a — J) . -4?w. (a" — J^)"***. 



8. Find the product of 4 + 2 \/2, 1 — V3, 4 — 2 V^, 
V2 + V3, 1 + a/3, and V^ — V3. ^/w. 16. 

9. Find the product of a; — 1 + 2^, a? — 1 — 2^, x + 

2 + 3*, and a: + 2 — 3^ 

Ans. ic* + 2a;« — 8a;» — 6a; — 1. 



K' 



60.— 1. Divide 4 \/60 by 2 Vb. Ans. 2 VTo. 

2. Divide 6 iJ^OO by 3 v^. ^w«. 2 v^26. 

3. Divide 6 >s/54 by 3 \/2. ^?w. 6 V3. 

4. Divide a/7 by ^. ^^. V^. 

5. Divide 2 ^^lOO by 3 v^. ^w«. | v^. 

6. Divide A^ by ly^. ^«s. 1. 
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7. Divide 1>^ by |x/^ 



1 .> 



8. Divide 15 ^ by 35 ^ J«». |« v^ 

9. Diyide (a:8y"*")"* by (a;8y*")*. ^»5. x~^^^t^. 

1 -1 ' 1 

10. Divide (a + J)* ^7 («-*)*. ^W5. (a^-J^^- 



61.— 1. Divide v^ — 4a/^ — 2 VS + 6a: — a;^ by 
VaJ* + 2 — 4 VS. -4w5. « — VS. 

2. Divide (|«*) -(|«*) ^7 sV* ^««. ^a* 

3. Divide 16a; — ya by 2a;i — y* 

1 i 1 

4. Divide 16a; — —y* by 2a;* — ^y. 

Am. 8a;* + 2a;*y + |a;V + |y^- 

5. Divide a^ — } by a» — *•. 

Ans. (^ + a^J* + a^ + a*J^ + a^** + J* 

6. Divide a^ — J8 by a* + J*. 

^na. a* — a*J* + a* J* — J*. 
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7. Divide ^ — 16y8 by ^ — 2y*. 

8. Divide a* + a^J* + a*J* + aJ + a*d* + J^ by a* 

9. Divide a;» — 2 (a^)* — a;* («V)* + 2y^ by a;*— yi 

-4w«. a* — 2a;«y* — 2y » . 

10. Divide a — V by a* + a*** + f^h + J*. 

-4ws. a* — J». 

11. Divide ar* — y^ by aT" — y ». 

-4w«. aT* + a; 'y~* + y"». 

12. Divide tt^ — 64ya by a;"*^ + 2y* 

J?J5. a:"^ — 2ar«y^ + 4a:"^y* — Sar^ + 16a:"^y* — 32y^. 



INVOLUTION OF RADICAL QUANTITIEa 

63, — 1. Find the square of 5 Va. Ans, 25a. 

2. Find the square of 3 ^/c^, Ans. 9a "Va. 

3. Find the 3d power of — 2 v^^V^. 

Ans. — Saryv^^S^. 

2 8 /3p . 2a? 



4. Find the 4th power of |\7 ^. Ans. ^gV^6a%*. 
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6. Find the 7th power of | c^b {a%c)^ \ . 

Arts, a^b^c^. 

6. Find the 4th power of o^arK Ans, a^arK 

7. Find the 6th power of 2x (3y)^. Ans. mSafif. 

2 ♦ -4 8 4-4 

8. Find the 3d power of q^ y • ^^^' i^^ V • 

1 -1 

9. Find the mP' power of (a + })" {a + b) ^ 

Ans. 1. 

10. Find the m^ power of Va^+ b^) (a^— b^) . 

/l .\S 

Ans. {a^—b'') . 

63. — 1. Find the square of Vtf + b Vc. 

il^w. a + 2ab Vc + Vc. 

2. Find the 4th power of a/« — Vx. 

Ans. a^-^Ai V^ + 6aa? — 4 Va^ + 7?. 

3. Find the 5th power of a' + a;* 

Ans. a» + 5a»a;* + lOaa;^ + lOo^x + Sa^a;^ + x^. 

4. Find the 6th power of -^+ ^. 

. x' 6a^y^ 6x^y^ 6xy hory^ y* 
^"^^ 32 + "48" + ^36"" + "M + "162" + 243* 
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6. Find the 3d power of a'ar* + a~^x. 

Arts, aar^ + Sa^or^ + 3a^x + arhfi. 

6. Find the 3d power of 2x (3y)^ — 6x^t/. 

Ans. %^y (3y)* — 180a?V + ^^Oo^f (3y)* — VUbx^f. 

7. Find the 3d power of a« + J» — c'. 

Ans. a + ^ - c + 3 {a%)^ — 3 {a^c)^+ 3 {aV)^ +^{a(?)^ 
. 3 (*2c)* + 3 (ic*)* - 6 (aSc)* 

8. Find the 4th power of 2a;* — 3y"*. 

^7W. 16a;« — 96a;*y"* + 2162:8y~* — 216a;*y"*+ 81y-« 

EVOLUTION OP RADICAL QUANTITIES. 

64. — 1. Find the square root of '^J^. Ans. ^/a. 

2. Find the square root of 3 v^5. Ans. ^\Zh. 

3. Find the cube root of c^ ^}^. Ans. a ^/l. 

4. Find the cube root of (27a^)». At^s. (3aa; V . 

5. Find the cube root of (27fl^)'. Ans. \Zax^} . 

6. Find the m^ root of TdrV^(?. Ans. 2'~ aJ2^. 

7. Find the 16th root of ^/a^V^c^. Ans. ^Vc^^^. 

8. Find the mn^ root of \fa^If^c^. Ans. %^^^. 
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65* — 1. Find the square root of 4 */x + 8 ^ary +4Vjr- 

Am. 2^ + 2 ^. 

2. Find the square root of — 2 + a«^ + or* ^. 

An%. ar^ — a~ . 

3. Find the square root of 6a^ — 4a; {bcxy + Ac. 

Ans. 5*a;* — 2c* 

4. Find the square root of 1 + t^^ s — ^ + ^^• 

Arts. 1 — T^ + ^ 

1 3 

6. Find the cube root of g«" — ^^^ Vb +6ab — 8 V?. 

Ans, 5 a — 2 V^. 

6. Find the cube root of a"M — 3a-^ + 6a"*a?^ — 7 

7. Find the cube root of 54a — 32a: — 36 (2fla;)* (3a^— 
2*a;*). Ans. 3 (2a)* — 2 (4a;)* 

8. Find the cube root of {x+ (a^a;)* } ' + | a + (aa?)^ } I 

Ans. a;* + a* 

9. Find the fourth root of IQcfi — 96aM + 216a«a;*— 
216a*a;* + 81a;8. ^^j^. 2a* — 3a^. 



BEDUCTIOK. 



79 



REDUCTION OP FRACTIONS HAVING SURD DENOMINA- 
TORS TO EQUIVALENT ONES HAVING RATIONAL DE- 
NOMINATORS. 

66. Keduce each of the following fractions to an equiv- 
alent one having a rational denominator : 



1. 



2, 



3. 



4. 



6. 



6. 



2 



3 

2\^3 

a 

bVc 

a 
a 



Ans. ^V^. 
3 

Ans.^. 
10 

Ans. y^. 
6 

Ans. ^. 
be 

Ans. ^'. 
be 

Ans. ^i?. 
be 



7. 



8. 



9. 



10. 



a 



by/(^ 

Va ^ 

bVa^ 

a 
b\^ 



11. 



a' 



A' 



12. ^ 



1 

r 



^n^. 



gy^ 
^^c 



Ans. 



10 






Ans. 



ah ' 



Ans.^J^ 
be • 



Ans. 



ah* 
b • 



Ans. 



1 «-t 
b • 



67. Reduce each of the following fractions to an equiv- 
alent one having a rational denominator : 



1. 



2. 



1 + V3 



2a/2 — 3V3 

1 

2V2 — V3 



Afis. — 



9 + 2V2 + 3 V3 + 2\/6 



19 



Ans. 



2^2 + a/3 
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^- V6-V2 Ans.VB + V2. 

5. J^ ^ W ^V5-3V2, 

4V6 + 3a/2 2 

g 1 + V^ ^^. 4 + 3a/2~2\/3-\/6 

1 + V2 + V3 4 

7 ^ . 3\/2 + 2\/3 — V30 

V2 + V3 + V5" "**• 12 



8. 



^n«. 



V3 + v^" 

9V3 — 9v^ + 3v^l6875-15 + 6v^675 — S'^ 



2 



9. iziJp. ^^. izzM^±iv^. 

2 + 'V^ 11 

^-- V 2 
Am. 17 — 12v^ + 12v^ + 8v^ — 8v^ — 6^^648. 



10. 



11 -^— Ans ^ + ^'^* + ^* 
a" — o' 

19 ^ . 3a? — a?V^ 

3 + V « 9 — a 



SIMPLIFICATION. 81 

13. ^^- ^^^a» + 5-2«V5 

a + V3 c^ — h 

(a •\- xy - (a - xy ^ 

16. ^ . ^^.5V^±Z±^ 

wd^ + Q^ — X a^ 



17. " ^^+ -1 — ?. ^n«. 2a?» + 1 — 2ic V^+ 1. 

V^ + 1 + a? 

lo. 7= —» A.71S* 57 -^j . 



SIMPLIFICATION OP COMPLEX RADICAL QUANTITIES. 

68. Simplify each of the following expressions : 

1. A /a + ^¥. Am. >/« + i. 

2. A A + 2V1O. ^»«. ±V6±V2. 

3. A /t + 4V3. ^»«. ± 2 ± Vs. 

4. \/2 + V3. ^ws. ± — ( V3 + 1). 
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5. a/i6 + 6V7. Ana. ±S±V7. 



7. A /s — 2a/15. ^tw. ± V5 =F V3- 

8. A Al — 12\/5. Ans. ± 6 ip Vs. 

9. A /37 — 20\/3. ^tw. ±5:f2\/3. 

10. a/4-a/7. ^^- =^ :;^ ( V7 - l). 

11. A/4i-|V3. ^/w. i^iPgVs. 

12. A /3a/6 + 2a/12. ^ns. ^ (± 1 ± V2)- 

13. A /3\/3 + 2^6, ^/w. v^ (± 1 ± \/2), 

14. A /\/l8 — Vl6. ^n5. ^(± V2 q= l). 

15. A A V3 — 6\/6. ^w«. v^(± V5 q= V3). 

■ 

16. -v/lVis + g ^>M. -^(±V2±i). 
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17. a/^ V21 - 2 V3 Ans. \^i±l^:^ V^). 



18. \/a^ + 2a; Va^ — ar«. J»s. ± a: ± Va^ — «^. 



19. \ A« + 2Va^ — ^. -^WA ± Va + i ± Va — b. 

20. \/^ + a?y^ — y® — '^'i^y v^^^. 

^W5. ± 2a;\/i qp yV^T—y* 



21. y^i + Vr^:^«. ^n.. ±yTp±^Lz^. 

22. A/2 + 2(l-.a:)Vl + 2a;-^. 

^w«. ± (1 — «) ± VI + 2a; — Q^. 

23. A/a; + y + 2; + %^/xz^^z. 

Arts. ± Va; + y ± V^. 

(1 A 1 ^p±i)l ^ 11^ 

24. ■] a;"* + ^{V^^Y^— h^oTt^ \ • ^m a:* — 2 **^''' 

25. \a^ + \anV-- U^'a^'""' \ . Ans. a ^ - a^^'h^'. 



26. >^ia3_|aav^ + 6aJ-8v^. 



^ns. ^a — ^Vi. 
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27. A/ 3^5. Ans. V135. 



•2S. \/ 



V^Wx. Ans. '^2Wc. 



. A^\^27a*x. Am. \^fj^. 



IMAGINARY QUANTITIES. 
COMBINATIONS OF SIMPLE IMAGINAEY QUANTITIES. 



69.— 1. Find the sum of V — 9, V — 16, and 
>/325. Ans. 12 V — 1. 

2. Find the sum of ^i/^^y ^^^^H^, and ^^'^^1. 

Ans. 6^f^^. 



3. Find the sum of V— 2, V^^, and V— 4. 

^iw. (V2 + V3 + 2) a/^^. 



4. Find the sum of V— fl, V— *> V—c, and 
\/^. Ans. {Va + Vi + Vc+ Vd) V^^. 



5. Find the sum 



of (-1)*, (-l)> a°d (-i). 



Jtm. ^ (- 1)* 
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70.— 1. Subtract V^^ from 9V^^. 

2. Subtract 'V^— 16 fi-om 2 '^— 81. 

-4ws. 4\^— 1. 

3. Subtract 3 V— 8 from OV^^^IO. 

^»«. (9 ViO — 6 V2) V^. 

4. Subtract « V— d from cV—d. 

Ans, {pVd — a y/b) V— 1. 

5. Subtract firom ^ — -^ 

(-1)"* J-* * 

^ns. G* - a*) (- i)* 

71.— 1. Multiply 2 V'^^^ by 3 V^. 

J««. -^6V6. 

2. Multiply 8 V^^ by — 10 V^Ioe. ^^5. 960. 

3. Multiply aV—hc by m's/^n. 

Ans. — am V^. 

4. Multiply a V— (1 + a;)^ by — ^ V—Cl^-a;)'. 

-4w5, aJ (1 — ic»). 

5. Multiply (-a)"^ by (-*)"*. ^n«, L,. 



72.— 1. Divide 6 V- 3 by 2 >/=!. ^,^5. | ^. 

2 
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2. Divide 2 V^ by — 3 V^. Am: ^^ \/35, 

10 

3. Divide - V^^ by - 6 ^/^Tg. Ans. ^. 

4. Divide a V—{x+iy by b V— (a; + 1)* 



^n^. 



* (^' + 1)' 
6. Divide (a V^^Y by (c V^Y^ 

MISGELLAKEOUS EXAMPLES liN* IMAGIiN'ABT QUAKTITIES. 



73.— 1. Multiply 6 + 2 V^^ by 2 — V— 3. 

Ans. 16 — V— 3. 



2. Mtlltiply a? — a V— 1 by x -\' a V— 1. 

-4«a. 0^ + a*. 

3. Multiply a;+|(V3-V^) by aj-|(V3-V:ri). 

Ans. ic»--+-V-:3. 

4. Eeduce (a? — a V^^) | ^ + | (v^ — V^^) [ x 

V— l) f *} ^ — 9 ( V3 + V— l) f to its simplest form. 

Ans, afi + cfi. 
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5. Simplify T- H i 3^^=. 

. 3a;2 

Ans, -5- — 7. 

6. Divide 4 + ^f^^ by 2 — V^^^. 

^w«. 1 + V— 2. 

7. Divide 3+2 V^H by 3 - 2 V^^. 

5 + 12 y—i 

Ans. ^g 

a Divide 40 by 6 + V^^. Arts, 6 — a/^^. 

9. Find the third power otx/^+V—y^ — \/x^V—y^- 

Ans. 2y V"^^ — 3 ^^ ^-fysj ^ + y V^^— 

10. Simplify aAwV^. ^w«. (± 1 ± >/=rT)A/n. 

11. Simplify a/i - 4a/^. ^/w. ± 2 if a/^. 

12. Simplify J% V=3 - 2. ^ W5. ± 1 :f ^Z^. 

13. Simplify y^4A/35-l. ^^. ± g ip V^. 

14. Simplify W- 3 + 2 V2. 

An%. ± V— 1 :f V^^. 
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16. Simplify 



16. Simpli 



A /2I — a/"— 400. Afi8. ± 5 qp W^-i. 
ify A /— 3 — 4V^=1. ^»«. q:l±2V'^^. 

17. Simplify A /.03+.04a/^^. Ans. ±.2±.l'/^. 

18. Simplify A^Umn + 2 (m^ — n^) \/^^. 

^W5. ± (m + n) ± (m — w) \/^^. 



19. Simplify a/ V— 79 — 8 aA^. 

^fw. ± 2 q: V— 6. 

20. Express 'ij'^^ in the form of a ± S a/^^. 



21. Express '^—1 in the form of a±l V— 1- 

Ans. 2±-^v — 1. 



22. Express ^^^^^^ intheform of A+B>/^=T. 

fl^ + }d fe^g^ /— I 
^^- ^ + d2 + c» + c^ ^ 

23. If 2 + y + a:V^^ = 8 + a? + yV^^, show that 
a; = 6 and y = 12. 
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RADICAL EQUATIONS. 

/ 74. Find the value of x in each of the following equa- 
tions : 

1. Vl2 -f X = 2 -f ^x. Ans. x = 4. 

2. V^x + 10 = V^ + 2. Ans. »:=:—. 

3. (V9x + 6f = lOS + 9x. Ans.x=(^y 
\/l7x — 6 3_25 ' . __14 

4. - +8-24' • "^ "" n* 

5. --= = 1 H s ^. -4w5. x = 3, 

V3x + 1 ^ 

O. = C. 



^/Z5. a: = -I ^ H ) • 

a\ c — 1/ 



7. ^/x — V« 4- ^ = \ /-' ■^^^- ^ = 



8. - Va H- a? + - Va + X = -=■ Vx. 
a X 



Va 



Va + 2 



Ans, X = „ 



^a^^{^l^ 



9. a + x± Va^ + aj2 = J. ^W5. a? = H(-7 )• 
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10. xi + {x^{l^x)^^ = l. An8.x^^, 

25 

11. x^ + {a-^{ax + x^)i}^ = a^. An8.x = ^ 

16 

12. (a^x)^ + 2{a + x)i=z{a-'X + {ax+ a^)^\^. 

64a 



Ans. x = 



1025' 



13. a:* + (a + a:)* = _^5L_. An^. x^^^^LIL^a. 

(a + o:)* ^^-1 

14. (l-.a:)* + |l-a: + (l+ir)*}*=(l+a:)*. 

24 
^n«. a; = -— , 

J. 25 

16. a*-|a-(«»-«x)i[* ^^ 

a* + |a-(a»-aa;)*r 

^M*. a; = o|l-( _?*!.)[• 

^g^ 1 + a; + (2!g + a^)* _ ^ (a + a;)* + g* 
1 + a; - (2ar + a?)* (3 + a;)* — ar* 

17. ^5=^/2 + V« — 2. ^W5. a; = 2. 

la V^^Ts — 7 + ViK — 12 = 0. Ans. X = 21. 

1 ^ ^ 1 

19. —j= — v« = Va? + 1. -4n«. a; = «• 

yx ^ 
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20. Vi — \ /- = Vfl + x. Arts. X = "z^ -■ 

V ^ V^ + 2 

n^ /«' . 7;\* /«^ i;\* >! 4a2c8 

g; — aa? _ v^ ,1 

itf^. p— — . j^fig^ X = . 

yx X 1 — a 

23. (a + xf^iT^ + bax + V)*"^. ^^*- ^ = — 3^' 

oj. Va + v^ Va — v^ 6/- . ., ^v 

'^^ 1~ 1 jj= — = vx. Arts, a;=4(a— 1). 

ya; ya; 

QUADRATIC EQUATIONS WITH ONE UNKNOWN 
QUANTITY.— QUADRATIC EXPRESSIONS. 

INCOMPLETE EQUATIONS OP THE SECX)ND DEGREE. 

75* Solve the following equations : 

1. 9a:3 + 9 = 3a;^ + 63. Ans. a; = ± 3. 

2. 3a; (a; — 8) = a; (24 — 6a;). Ana. a; = or 6. 

3. 3ar» + 8 = 66. Am. x z= ±4. 

4. (a? + 2)« = 4a; + 6. Ans. a; = ± 1. 

6. 2a«-|a;« = a;(6a;-3). Ans. xz=0 or ^. 

6. 8(a: + ^) = ?l±^-3. Ans.x=±2. 

^' iT^+lhc^^' Ans.x=±l 
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8. — ^ H — - = — . Am. a? = ± 8. 

9. — — ^ H = --. Ans. a; = or 4. 

10. —^ H = = -. Ans, a; = ± 6. 

12 bx 5 

-- a? — 2 a; + 2^a;-f3 . ^ 4 

11. — r-^ H s = ^ ' 5- ^^« a; = or «• 

a;-f2ar — 2 a; — 3 3 

in 2 2 

12. ■ H ; =: = X. 

X-+ V2 — ar« a;— Vs — a?» 

^»5. a; = ± V3. 



13. ViT^ ^_V!^; ^;„.^=.±V3. 

1 + Vl + a; l—Vl — a; ^ 

V a; -f 2a + Va? -- 2a ^ 

2 1 fi 

15. a? + ^a?'--a? = x. Ans. xzizO ox ^. 

o 2 7 

16. 3aa:2 — lOaa? = 8aa; + aa^. Ans. a? = or 9. 

a; + 2 a;-f 3 . . . 

^^- ^TT = 3^+1' ^n..a:=±l. 

18. = 2. -4ws. a? = ± s. 

a; a; — 1 2 

16 y 

19. 4aj + — = 0. An8.x^±%^f^. 

X 
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21. ; = 4. Ans, x= ±-. 

2x — V4ar» — 1 8 



a Vd^ — 3^ X 



22. - + = J. Am. x=i± V2ab — ^. 

tc a; ^ 

V 1 — a; + l yi+a; — 1 ^ 2 






'•^==^\/l 



(1 + a;)a ' (1 - «)» - "•• — '• - " ^ V a + 4 

^ - ■ ^ n^ 
/ ^ r) . / / JPBOBTjJBMS, 

76. — 1. Knd two numbers, one of which is three times 
the other, and the difference of whose squares is 128. 

Ans. ± 4 and ± 12. 

2. Find two numbers, one of which is ^ of the other, and 
the difference of whose squares is 81. 

Ans. ± 12 and ± 15. 

3. Find two such numbers that their difference is f of 
the greater, and the sum of their squares is 356. 

Ans. ± 10 and ± 16. 

4. The difference between two numbers is 10, and the 
square of the less is -^ of the square of the greater. What 
are the numbers? Ans. 15 and 25. 

5. A tailor bought a certain number of yards of broad- 
cloth for $324, paying ^ as many dollars per yard as there 
were yards. How many yards did he buy ? Ans. 27. 
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6. A and B start at the same time from P and Q respec- 
tively and travel toward each other. When they meet^ it is 
found that A has traveled 30 miles more than B^ and that A 
will reach Q in 4 days, and B will reach P in 9 days, after 
they meet Find the distance between P and Q. 

Ans. 150 miles. 

7. A sets off from London to York, and B at the same 
time from York to London, and they travel uniformly. A 
reaches York 16 hours, and B reaches London 36 hours, 
after they met on the road. In what time does each per- 
form the journey ? Ans. A in 40 hours, B in 60 hours. 

8. An army was marching with 5 men more in depth 
than in front ; but on the appearance of the enemy the front 
was increased by 845 men, and the whole army was thus 
drawn up in 5 lines; find the number of men. Ans. 4550. 

9. Two persons, A and B, set out from different places to 
meet each other. They started at the same time, and trav- 
eled on the direct road between the two places. On meet- 
ing, it appeared that A had traveled a miles more than B ; 
and that A could have traveled B*s distance in m days, but 
that B would have been n days in traveling A's distance. 
Find the distance between the two places. 

Ans. a^^^±J^^i^ 
Vn — Vm 

10. Divide the number d into two such parts that the 
square of the quotient obtained by dividing the first by the 

second shall be equal to |. 



Ans. d( /^ \ and dl /~^ \ 
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COMPLETE EQUATIONS OP THE SECOND DEGREE. 

77. Solve the follo¥dng equations : 

1. a^ + 6x=i40. Ans. a? = 4 or — 10. 

2. x^ + Sx = 65. Ans. xz=5 or — 13. 

3. a;* + 4a? = 5. Ans. a: = 1 or — 5. 

4. a? + 10a; = 56. Ans. a: = 4 or -— 14. 

5. a;^ — 8a; — 48 = 0. Ans. a; = 12 or — 4. 

6. a;^ + 12a? — 108 = 0. Ans. x=z6 or — 18. 

7. a^^6x=zl6. Ans. x=zS or — 2. 

8. a;3 _ 4a; _ 3 — 9, jins. a? = 6 or — 2. 

9. a;3 + 6a; + 80 = 600. Ans. a; = 20 Or — 26. 

10. a!^ + 6a; — 135 = 0. Ans. x = 9 or — 15. 

11. a^-'X=z2. Ans. a; = 2 or — 1. 

12. ofi + x=. 306. Ans. a; = 17 or — 18. 

13. a^ — 16a; + 15 = 0. Ans. a; = 15 or 1. 

14 a,« + 12a; + 50 = 0. Ans. a; = — 6 ± V— 14. 

15. a:^ — 5a; = 24. -4w5. a? = 8 or — 3. 

16. x^-^llxzrz 12, ^wj<. a; = 12 or — 1. 

17. a? + 17a; = 84. Ans. a; = 4 or — 21. 

18. a;« + 21a; = 100. Ans. a; = 4 or — 25. 

19. a^-''7x + l = 9. Ans. a; = 8 or — 1. 

20. a;« + 3a; — 28 = 0. Ans. a; = 4 or — 7. 

3 85 

21. a;2_ ^— jifis^ x=z6 or — 4^. 

4 4 • 

5 

22. x^+ -^x=i 14. ^»«. a; = 3 or — 4|. 
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23. 2a:2 — 24 = 22a^ Am. a; = 12 or — 1. 

24 3x^ — 30 = 27x. Ans. a; = 10 or — 1, 

25. ic2 — 2a? -f 2 = 0. Am. a; = 1 ± V^^. 

26. a^ — 8aa; = db^. Arts. x=z^a± V3J2 + 16«2. 

27. 3a« — 5a; = 28. ^n«. a: = 4 or — 2f 

28. a;2 — 20x — a^i _ q. ^/w. a; = 10 ± VlOO -\-~c^. 

29. 2a;2 + 5a: — 7 = 0. ^tw. a: = 1 or — 3f 

30. 4a:2 _ 20a; + 25 = 0. ^W5, a; = |. 

31. a;2_|a; + 14i = 16. ^wa a; = 1^ or — |. 

32. 2a;2 _ 26a; = 28. Ans. a; = 14 or — 1. 

oo . , . Of. ^ — 2 ± Vl29 

33. ^3? -f 4r = 25. Am. x = ~-^^ . 

o 

3 2 

34. 6a:2 _ 13a; + 6 = 0. J72& a; = ^ or ^. 

35. 4^:2 _ 7ic -: 492. Am. x = 12 or — lOJ. 



o. , ^ o /. ^ — 5a± \/25a2+4c3 

36. a;2^5flj^_c3 — 0. Am. x = — ^ 

37. X (2ar + 1) — (a; + 8) (a; + 3) = 0. 

Ans. x=zl2 or — 2. 

38. (2a; — 3)» = 8a;. Am. x = ^ or -. 

39. {x — 1) (a; — 2) = 0. Jw5. a; = 2 or 1. 

3 1 

40. 4 (ar^ — 1) = 4a; — 1. Am. x = ^ or — ^. 
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41. 11a? + 1 = 4 (2 - »)«. Ans.x = ^ or -3. 

42. {x — 12) {x + 2) = 0. Ans. a; = 12 or — 3. 

43. a + te + ca? = 0. Jn^t. ;g = " ^ ^ ^^ " ^" . 

44. a:» — 16 (a; — 4) = 1. Ans. a? = 9 or 7. 

45. a: (3 — a:) — 2 = 0. -4w«. a; = 2 or 1. 

46. 7 (a;« + 6a;) = 42a? — (3a; + 2). 

- 3 ± a/:=17 

^7^5. a; = --J 

14 



47. 10a^-9aa; + 9a« = 0. .4ng. ^.^ 9^ ^/^ V-279 

48. aca^ — Jca; + adx — M = 0. ^?j5. a; = - or . 

a c 

49. {x — 3)2 + 4a; = 44. Ans. x = 1 or — 5. 

50. {x + da) {x + 4a) = T2a^. Ans. x = 6a or — 12a. 

51. b(a — xy^=: CO?. Ans. x = ^^^^^ — . 

c — 

52. ar' + (19 — x^ = 1843. Ans. x=zll or 8. 

53. {a—'b)x = ab'- a^. Ans. x = b or — a. 

54. (a; + a)^ = 6aa; — {x — a)^. A7is. x = 2a or ^. 

55. (a + a;) (a — a;) = J2 — 2ar. 

Ans. x=zl± Va^—b^+l. 

56. 13a; — 29 — (a; + 2) |a; — 1 - 6 {x - 9) j = 0. 

Ans, a; = 9 or — 3. 
5 
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57. (a;-5) (ar-3) - (a:— 5) (2a:— 5) - (a; +7) (a;-2) = 0. 

Ans. x=z2 or — 1, 

59. 48(0; + 4) + 48(a; — 3) = 27 (a; — 3) (2a: + 8). 

^n«. a? = 4 or — —. 

«/ 

60. (x_|)(:.-|) + (a;-|)(^-l) = (^-^(a:-|). 

• 2 3 

61. \h? — Z)=\(x — Z). An8.x=z%or—% 

62. — ^ + ^ = -^. -4»«. a: = 2 or — 3. 
a: + 1 a: 6 

63. ^ — = -77- -4w«. a: = 3 or — r. 

X Q? ^ 11 

2a: 2a: — 5 -. . « « .. 

64. _-j + — — ^==8J. .4n«. a: = 6 or 3^. 

65. ^"- ^^^ + -1 - (a: — 3) = 0. ^»«. a:=l or — 28. 

3/ ^"~ oa: "^ «/ 



/ 



/./. o . 11 . 7 21 -f 65a: . -, 7 

66. 8a: + 11 + - = — ^ . Ans, a? = 7 or — -. 

a: ■ 7 9 

67. ^ + - = 64. Ana. a; = 25 or 1. 
5 X 

.^8 — a: 2a:— 11 a: — 2 . ^ 1 

^^- -2 ^^^ = -6- ^^^.^ = 6or^. 
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69. i±^ + ll^ = 5i. • Ans.x = 5oT^. 
a? _ 4 9a; + 3 9x — 3(x — l)* 

Ans. a: = 5 or r^. 

71. — ! = 7 -= — . Ans, a? = o or — -. 

72. _f— =,^-1—. ^njj. a; = 14 or - 10. 



^^- a:-6 5-4a;-"- ^^«- ^- 8 

74. -^-£^ = 2. Ans. x = 3 or -^l 

a: + 3 2a; + 5 3 

_ 3a; 4-4 30 — 2a; 7a; — 14 j^, ^^oft^^io 

76. — =^ X- = — tt: — • Ans. a? = ob or IZ. 

5 a; — 6 10 

3a; — 5 ex 1 . 25 5 

''' -^x ^-25 = 3" ^^^^•^ = 18^^-3- 



77. ^^""^ = 3-^^:1^. ^n«. a; = 7or6. 

4 a; — 3 

78. ?+? = ?. ^n«. a; = l± VT^^8. 
a a; a 

79. (a + b)a?+{a--b)x=z-^j; 

b a 

Ans, X = — r-T or — 



a + b a + b 
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80. -i,+ >,+ '■ ' 



X + a X + 2a x + 3a x 

. — 11 ± VT3 
Ans. a; = ;; a. 



81. — 7 H r = ^. -4ws. x = 4i or -r. 

^'' (4a: + 8)-* ^ ^ 



82. V(4 -f ar) (5 — a;) = 2a; — 10. -4ws. a; = 5 or 3-J. 

83. Vx + a — V^ 4- ^ = V^x. 






^ 



84. 2v^'^=^ + 3V2J = ^^i?L+^. 

Ans. a: = 9a or — a. 



a; — Va; -f 1 5 a o ^ 

fiK == = ZTT' Ans. a: = 8 or — -. 

86. x ± ViOx -f 6 = 9. ^ws. a; = 25 or 3. 

87. Vet + X • V* — a? = c. 

,^o ^ X b 

88. — = -, + 



Vi + V« — X \/x — V« — - ^ Va; 

j± V^ — 2a^ 



^W5. X = 



oy. —p= . ^r :^ () 

V a + V a -f a: ya — y a -f a* 



2 



-4^5. a; = - (l ± \/5). 
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78. JPBOBZJSMS. 

1. A company dining at a hotel had to pay $3.50 ; hut 
before the bill was presented two of the company went away ; 
in consequence of which, those who remained had to pay 
each 20 cents more than if all had been present. How many 
persons were in the company ? Ans. H, 

2. Find a number such that, if it be subtracted from 22, 
and the remainder multiplied by the number, the product 
shall be 117. Ans. 13 or 9. 

3. A man traveled 36 miles at a uniform rate. If his 
rate had been one mile more per hour, he would have trav- 
eled the same distance in three hours less time. At what 
rate did he travel ? Ans. 3 miles per hour. 

4 Divide the number 60 into two such parts that their 
product shall be 704. Ajis. 44 and 16. 

5. A man starts from the foot of a mountain to walk to 
its top. His rate of walking during the second half of the 
distance is half a mile per hour less than that during the 
first half, and he reaches the top in 6^ hours. He descends 
by the same route in 3J hours, walking one mile per hour 
fester than during the first half of the ascent. Find the rate 
of descent. Ans, 4 miles per hour. 

6. The distance from P to Q is 247 miles. A started 
from P toward Q, and, at the same time, B started from Q 
toward P. A^s rate of travel was 9 miles per day, and when 
he met B it was found that the number of days they had 
been traveling was greater by 3 than the number of miles in 
B's rate. How far had each traveled at the time of meeting? 

Ans. A, 117 miles; B, 130 miles. 
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7. A tailor bought a piece of cloth for $147^ from which 
he cut 12 yards for his own use ; he then sold the remainder 
for tl20^5 and gained $0.25 per yard. How many yards 
were there in the piece? Ans. 49. 

8. The distance from P to Q is £{ miles. A started from 
P toward Q, and, at the same time, B started fr(Hn Q toward 
P. A's rate of trayel was a miles per day, and when he met 
B it was found that the number of days they had been tray- 
eling was greater by b than the number of miles in B's rate. 
How &r had each traveled at the time of meeting ? 



Ans, 



9. The distance from P to Q is 320 miles. A started 
from P toward Q, and, at the same time, B started from Q 
toward P. A's rate of travel per day was 8 miles more than 
that of B, and when they met it was found that the number 
of days they had been traveling was equal to half the num- 
ber of miles in B's rate. How many days did they travel 
before they met ? Ans. 8. 

10. Two couriers, A and B, started at the same time to a 
place 90 miles distant. A, whose rate of travel was one mile 
per hour greater than that of B, reached the end of his jour- 
ney one hour before him. At what rate did each travel ? 

Ans. A 10 miles, and B 9 miles, per hour. 

11. Find two numbers whose sum is a, and the sum of 
whose squares is b, 

. a ± \/2* — a^ J o =F V2 J — o» 
Ans. 5 and —^ — 5 • 
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12. Find two numbers whose sum is H, and the sum of 
whose squares is 901. Ans. 15 and 26. 

13. Find two numbers whose difference is 8^ and the sum 
of whose squares is 544. 

Ans. 12 and 20, or — 12 and — 20. 

14. Find two numbers whose difference is a, and the sum 
of whose squares is J. 

a ± V2b — a^ , — a ± V2b — a^ 
Ans. 5 and ^ 

16. What are eggs worth per dozen when a more for b 
cents lowers the price c cents per dozen ? 



Ans. TiC + \/ T -] cents. 

a V 4 a 



16. A started from C toward D, and traveled at the rate 
of 7 miles per hour. When he had traveled 4^ hours, B 
started from D toward C, and went every hour one-nine- 
teenth of the distance from D to C. When B had traveled 
as many hours as he went miles in one hour, he met A. 
Find the distance from C to D. 

Ans. 152 miles or 76 miles. 

17. A man traveled a miles. If his rate of travel had 
been b miles per hour less, he would have been c hours 
longer in traveling the same distance. What was his rate of 
travel ? /4a* + V^c 



b + 



sf- 



Ans. ^-- 5 miles per hour. 

18. The difference between the hypothenuse and base of 
a right-angled triangle is 6, and the difference between the 
hypothenuse and perpendicular is 3. Find the sides. 

Ans. 15, 12, and 9. 
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19. If a plank 30 feet 4 inches long, 18 inches wide, and 
3 inches thick, be made into a cubical box, what will be the 
length of one edge of the cube ? Ans. 3 feet 

20. A and B bought a farm containing a acres, for which 
they paid $2&, each paying $5. A paid $d more per acre 
than B, in order to be permitted to take his share from the 
best land. How many acres did each get ? 



2 J + fl^ — a/4^ -f «^^ 

„ ad—2b + VW + g^(jP 

B, ^^ acres. 



79. — 1. Find the equation whose roots are 5 and 6. 

Ans. a:* — lire = —30. 

2. Find the equation whose roots are 4 and — 5. 

Ans. a;^ -f a; = 20. 

3. Find the equation whose roots are — 4 and 6. 

Ans. a:^ — a: = 20. 

4. Find the equation whose roots are — 2 and — 3. 

Ans. a^ + 6a: = — 6. 

6. Find the equation whose roots are 2 \/3 and 3 \/3. 

Ans. ar» — 5a? Vs = — 18. 

6. Find the equation whose roots are a and h. 

Ans. a? — {a + b)xz=i — ah. 

7. Find the equation whose roots are 2 + 3 a/5 and 
2 — 3 a/5. Ans. 7^ -" ix — il. 

8. Find the equation whose roots are 2 + a/ — 1 and 
2 — V— 1. Ans. Qi^ — 4a; = — 5. 
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9. Find the equation whose roots are a + b V— 1 and 

10. Resolve the first member of the equation a^ — 62; — 
7=0 into two binomial factoi*s. 

Ans. {x — 7) (a: + 1) = 0. 

11. Resolve the first member of the equation a? — a: — 

o 

- = into two binomial factors. 
4 



^«.. (^-|)(^ + |) = a 



12. Resolve the first member of the equation 6a:^— 13a:+ 
6 = into three factors. . ^l 2\( 3\ ^ 

Ans. 6 ( a; — - j I a; — ^ j = 0. 

5 3 

13. Resolve the first member of the equation — 

— 2a:® = into three factors. 



Ans, 5 (a; — 1) (a; + - ) = 0. 



14. Resolve the first member of the equation ^—'2ax-\' 
a^ + ^ := into two factors. 

Ans. {x — a — l \/^^)(a; — a + ^ V— l) = 0. 
QUADRATIC EXPRESSIONS. 

80. Resolve each of the following expressions into its 
p^^e factors : 

1. 0^2 — lOa; — 24. Ans. {x — 12) (a; + 2). 

2. a:2 + 2a: — 80. Ans. {x — 8) (a: + 10)r 

3. ^ — 18.r + 32. Ans. {x — 16) (x — 2). 
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4. a« — 13 (a; + 6) + 10. 

5. Q^^x — 11342. 

6. a;« + 9a; — 52. 

7. ir» — Ilia; — 3400. 

8. a;« - 5 (a; + 89) - 5555. 



10. aja — |a; — 4. 



11. 2a:» — 3a; — 54. 

12. 4a;2_4aj_80. 



13. 6a;» + 5a; — 4. 



Ans. (a; -17) (a; + 4) 

Ans. (a; - 107) (x + 106) 

Ans. (a; — 4) (a; + 13) 

^»s. (a; — 136) (a; + 25), 

AuB. (a; - 80) (a? + 75) 

^n..(a;-A)(^^|) 

-4«A (a; — 3) (a; + k) 

-4»5. 2 (a; — 6) (a; + 4^) 
Ans. 2 • 2 (a; — 5) (a; + 4) 

^«..3-2(.-|)(x + |) 



14. 12a;« - a; - 1740. ^w«. 3-2-2(a; - 12,^) (a; + 12) 

15. 3a;» — 18a; + 24. Ans. 3 (a; — 2) (a; — 4) 



16. lla;3 — 11^ — 9a;. 

17. a;^ — (?n — w) a; — mn. 



'«• :^ + =^ + ""°'- 



-4»5. (a; — w) (a; + ») 
-4n«. (a; + w) (a; + w) 



19. ar« — 9. 

20. a;« + 9. 



AnB, {x + 3) (a; — 3) 
Ans. (z + S V^) (a; - 3 V^^) 
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HIGHER EQUATIONS 

WITH ONE UNKNOWN QUANTITY. 

81. Solve the following equations : 

1. 3a;*-a;"* + 2 = 0. ^n«. a: = Q)* or (- 1)* 

2. ofi^7a^ = S. Ana, x = 2 or — 1. 

3. 11 — 9«8 + 2^ = 299 + 3a:8 — 6a;«. 

Ans. x=z2 or (— 6)* 

4. a?~* + 2 = ^^l±-?. Ans.x=z--SoT^l. 

. I , 41a;* 97 . * . >i / «xl 

6. x^ H = -— + «•. -4n5. a; = 4 or (— 7r. 

a; * 

6. a:® = 21 + (a« — 9)* ^w«. a? = ± 6 or ± 3 a/2. 

7. a;» — 2a;+6(a.« — 2a; + 6)* = ll. 

Ans. a; = 1 or 1 ± 2 Vl6. 

8. a:^ -- a: + 6 (2a:« — 5a; + 6)* = i (3a; + 33). 

1 6±VT329 
^;j5. a; = 3, — jT, or 



2' 4 



9. 9a; — 3a;» + 4(a;a — 3a; + 5)* = ll. 



3 ± V5 9 ± a/1183 
^»«. X = — 5 or 
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10. « + (a:» — or + J^)* = - + *. 

Arts, a: = a, 0, or ^ j 1 ± (5 j h • 

^^ (a^ + a; + 6)* ^ 20 - i (a^ + a; + 6)* 
^ (av8 + a: + 6)* 

^ws. a; = 5, -6, or |(±\/377-l). 



12. a:* — 6a:8 = 27. ^W5. a: = ± 3 or ± V^^. 

13. V^Ti — 2 if^iTT = 4. ^«s. a;=(l±V5)*— ]. 

14. a;* — 2a:8 + a: = 132. 

^715. a? = 4, — 3, or ^ 

15. a« + Va:^ + ll = 31. Ans. a: = ± V38 or ± 5. 

16. a;8 + 4a4 — 12. -^ 

Ans. x=± aJ ± V2 or ± \J ^ V^. 

1 

17. x^^msf—p = 0. Ans.x=i 2 ) ' 

18. a;" — 2aa;« — ja = 0. ^W5. a; = (a ± V^^fW) • 

4 1 / 13\» 

19. ^ + -^ = 39aJ0. ^ws. a; = 729 or ^—-^-j. 



a; » a? 
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83. ^noBi^EMs. 

1. Some boys took 2916 apples from an orchard; and the 
number of apples that each took was equal to the square 
of twice the number of boys. How many boys wei-e 
there ? Ans. 9. 

2. Find two numbers such, that the product of the 
greater and the square root of the less may be equal to 48, 
and the product of the lesc and square root of the greater 
may be 36. A7is. 16 and 9. 

3. Find two numbers such, that the product of the less 
and the square of the greater may be equal to 448, and the 
product of the greater and the square of the less may be 392. 

Ans. 8 and 7. 

4. Find a number such, that its cube may exceed 4 as 
much as 68 exceeds the cube of the square root of that 
number. Ans. 4. 

5. Find a number such, that three times the square root 
of the remainder obtained by subtracting the fourth power 
of the number from 25 maybe equal to 13 j^ times the square 
of the number diminished by 18. Ans. 2. 

6. Find a number such, that if seven times the cube 
root of its square be added to the cube root of its fourth 
power, the sum shall be equal to 44. Ans. ± 8. 
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SIMULTANEOUS EQUATIONS. 

PAIRS OF EQUATIONS ONE OP WHICH IS OF THE FIRST 
AND THE OTHER OF THE SECOND DEGREE. 

83. Solve the following pairs of equations : 

J (x + 2y=:7 ) ^^^ c.: = 3orl5|, 

I a:» + 3a?y — y» = 23 J ( y = 2 or — 4|. 

|2x + y = 27) ^^ (^ = 3iorl0, 

( 3a;y = 210 f ( y = 20 or 7. 

noa? + y _ I /a? = 2or— g. 

Z. < xy >. -4w«. } 

iy'-z=i2 ) (y = 4or-. 



( 2a:» + ay — 6y» = 20 ) ( y = 



a: = 6 or — 9 J, 
3 or — 6^. 



5 



8xy=:3 



c . 1 



6. !»+»,=. I. ^^ r=a*svw=w. 

( ea?y =/ ) ] c 1 J 



, _, 460 

( y = 2 or -^ . 
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3 

a: — y = 2 ) ( x=^b or j, 



15 



y = 3 or - J. 



( 5a« - 2y» = 3 ) ( y = 1 or 3^- 

5± a/15 



x = 



(a; + y = 5 ) ) 5 t Vl5 

(y = ^ — 

(ar» + y-» = l) <y=2. 






« = 4 or 



13. i3^+%=23 ) ^^, r- "if 

(6a:? — 3a;y + y2=:45f ) _ 403 

( y — 5 or -^. 

ix — y=:2 ) ( y = 3 or — j^. 

15. \^ + f = '^y\. Ans. f^^y V^{ 



112 SIMULTANEOUS EQUATIONS. 

(a; — y=2 ) (y = 3or— 5. 



17. \'^ + f=f\. Ans.r~ ^ ' 

(y = 

( 3» + 2y — 13 = ) I y = 2 or gg. 



PARTICULAR SYSTEMS. 

84. Solve the following pairs of equations : 

J \4ay = 9%-ii?f) ^^^^ j a; = 4, 2, or 3 ± a/2T. 
\x + y = % ) * 1^ = 2, 4, or3T V21. 

„ (2x» + 3a;y + y = 20K 
' Ua^ + 4tf2 = 41 ) 



Jx=±lor±13y^ 
ly=±3or±ygg 



a; = ± 6 or ± 



861 



3 (a^-a.y = 6) ^^. - a 

(a^ + ya=61J 1 11^/2 

[y=±5or T-g— 

(a?-ajy = 48> ^^^ j''=i!' 

(!cy_ya = 12) (y=±2. 



PABTICULAR STSTEMS. 



113 



iy^ + ccy = b) 



6{a^ + f)=zidxy) 



(x=± 



a 



Ans, ' 



y 



= ± 






( a;2 — y2 = 

■I 



20 



x^ + ^xy + 4^2 = 
3y2 — a?« = 39 






256 



Ans 



a/ a + b 

U=±6, 
• |y=±4. 



Ans. \^ 



±6 or ± 102. 
±5 or q: 69. 



8. 



j ar* + 2:r^ + 3y2 = 



= 17 ) 
= 28) 



Ans. . 



X 



= ±1 or ±^V2, 



2/ = 



2 



±2 or ±2^^- 



^ ^x-^ + y-^ = aP) 

"* =11 / 



\x^ + y-^ 



Ans. , 



a; = ^ or — 1, 



[y 



= — 1 or 



2' 



10 j ic8 + ajy - 40 = ) 
' (3w- 2^/2 -27 = of 



Ans. - 



a; = 



y = 



±5 or ± j^VTO. 

9 , 

±3 or ±YoV^- 



11 j 2^2/* + a:y = 2^ I 



cc = 2 or 54, 

Ans. ^ 1 

y = 3 or 5. 



' ) 
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(x' — 2xi/ + f = 9) \y=±3. 

13. {^ + 2/^-13 = 0) 
( 2xt/ — x — y = 7) 



Ans. 



x = S, 2, or ±-VlO — 2> 
y = 2, 3, or q:^VlO_2. 



14. i«^-92^ = 38) U=±8, 

(a^- j^ = 60) ^"*' (y=±2. 

( a;y = 12 } I y = ± 3. 



16. 



a^-3a:y + y3 + l = 0) ^^^ {x=±2 or ±1, 
2a;2 + 22^2_io=:0 f it/=±l or ±2. 






X + y ^^ I ^~- 






18. •{ y x + y f 

^3 — /g3 = 5 

±3. 






19. |^-J/» = 63L ^^ 1^ = 4 or -1, 

ix — y = 3 ) ( y = 1 or — 4. 

(ir2y + a:y3 = 120) 1^ = 3 or 5. 
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- I't^r^n- 



83. l'' + »' = m.An,.. 

ix + y :=6 3 



( y = 2 or 7. 



a; = 4, 1, or 



6±V^^6d 



, jr = 1, 4, or 



6qi A/--159 
2 



23. 



i 



a:* + y*=:337) 
try = 12 > 

J a; = ± 4, ± 3, ± 4 V^^ITi, or ± 3 \/^^, 

• (y=±3, ±4, ±3 a/^, or ± 4 V^=T. 



-4W5. 



24 j'^' + r* 






^n^. 



a; = 



ad 



= F^TJa (5 ± V^^^TP), 



ab 



y = ^Tr^(*TV2a3-*0. 



z=zaf^y^ 






^9^. . 



I- 



26. |«^ + %*=«^(^+y)n. 



4w5. - 






(x=± 



[y=± 



a 



2Va^+i^ 



(^^a^^^ab + b^ ± V^+^J + d^), 
{Va^—^b + iti :p Va2+4aJ + ^), 
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27 



(a^ + i/» = 5S ) 
CaJ» + y» = 370) 



^ {'4iTd'} 



Ans. \ 



Am. P-''' 

6 or 2 (l ± Vf), 
4 or 2(4q: V7). 



30. i^-y 



= 7 ) 



^n« 



j a; = 3, 



j aj» — y = 21 ) 
1 a: + «» = 21 ) 



21 
21 



^^- {y = 



a: = 5 or —4, 
4 or — 6. 



PAIRS OP EQUATIONS INVOLVING RADICAL QUANTITIES. 

85* Solve the following pairs of equations : 



1. JV^ + V^ = 6l 
I a; + y = 20 ) 

(xVx + y Vy = 28) 

8. {' + "7'^ [. 

(a;* + y» = 5) 

(a; + 3V5Ty = 18- 
^ (*» + ay + y» = o»ji 



Ans. 



a; = 16 or 4, 
4 or 16. 






^««-|y = i 



a: = 9 or 1, 
or 9. 



|y = 8 or 27. 
I |y = 4orl7i. 



Ans. 



y = ^ I «» + i» T (10a»J» 



3a« 
3a< 



3J«)*}. 



iisrvroLviNG badical quantities. 
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6. 



7. 



8. 



9. 



x^ + y 



^ =ix ) 



^ j a; = 4, 1, or 0. 
* |y = 8or0. 



Ans. j^ — 



a? + x^y^ = 208 
y2 + x^y^ = 1053 



Ans. 



X 



8 



= ± 8 or ±-vC_65, 



y= 



27 



±27 or ±— /v/ZTes. 





^^ + y^ + 2a:* + 2y* = 23 ). 






1^ = 8,27,-216, 



or — 216, 
or — 1. 




f a; ^ 9 or 



605 



► • 



Ans. ' 



117' 



10 



2/2 — 8y V^ = 64) 



• = 64) 

=4 r 



jr- 

(y — 2V^ 



11. 5^*+^* 

(a; — y = 



16 



12. 



ar * + a:*y * = a 



-4;is. 



( VW+lcy + Vy^ + xy = 176 



b = i6. 

Ans. J ^ = ^5' 
|y = 9. 

_j of- )i 

Ans. i^ = 80' 
1v = 45. 
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GROUPS WITH MORE THAN TWO UNKNOWN QUANTITIEa 



86. Solve the following groups of equations : 



a;y8;?» = 108 \ 
1. ^ yz^=lSx [• 
2z = d3^y ) 



xyz = 105 

2. \ 35a? = ^z 

Kxy = 152; 

f xyz=22Sl '] 
xyw = 420 
xzw = 660 

^ yzw = 1540 ^ 



^n«. 



a;=±l. 



^7^ 




•• • 






« = 11, 

W=:20. 



xy + S6=-{ix--y){dx + 2y) 
xz + 4i = -{x — z){x + dz) 
yz + 4{=-(y + 3z){2y + z) 



x=z±6, 

Ans. •{y=z±ly 

z = ±3. 



5. 



6. 



fa^+xy+f=S1 
-{ a^^+ a;2:+ z^=2S 

ly^+y«+^=i9 



a: = ± 4 or ± y v3, 
. ^ns. ^ y= ±3 or ^oV^, 
z=i±2 or T3V3. 



a; — y + 2; = 5 

x^ + y^ + s^=^^9 \'.An8A 

yz = 3aj (2; — y) 



' a;=3 or 2, 
y=— l±A/i9, 3, or —6, 
^z= l±Vl9, 6, or— 3. 



MORE THAK TWO UKKKOWN QUAISTTITIES. 
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7. 



8. 



9. 



10. 



11. 



a^ + y9^z^z=z91 
y^z=xz 

X + y + z = 13 

a^ + y^ + Z^=:ei 

xy + xz=i %yz 

^ w +x + y + z=z21 
x + yz=2{w + z) 
7z^ = d6x 

lOOOw; + 100a: +10y+z+ 4995 
= IOOO2; + lOOy + 10X+W 

x + y = n5} 
z + u = lSb 
x^ + y^zizs^ 
xyz=uz 

^x + y + z = 2S 
xy + xz + yz = 167 
xyz = 385 



a: = 9 or 1, 
Ans. -{ y = 3, 

z=l or 9. 



Ans. 



a;=:4, 

y = 6 or 3, 

z = 3 OT 6. 



Ans. -< 



X=z7y 

z = 6. 



Ans. 



' a; = 100, 

^ y = 75, 

z = 126, 

W=:60. 




87. 



PBOBl^JBMS. 



1. Find two numbers, such that if the sum of their 
squares be subtracted from three times their product, the 
remainder will be 11, and if the difference between their 
squares be subtracted from twice their product, the remain- 
der will be 14. Ans. 5 and 3. 

2. Find two numbers whose sum, product, and the dif- 
ference of whose squares are equal to each other. 



Ans. — and 



i±VE 
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3. If a certain number be divided by the product of its 
two digits, the quotient will be 2, and if 27 be added to the 
number, the order of the digits will be inverted. What is 
the number? Ans, 36. 

4. The sum of three numbers is 33 ; the difference be- 
tween the first and second exceeds the diflference between 
the second and third by 6, and the su'm of their squares, is 
441. What are the numbers ? Ans. 18, 9, and 6. 

6. The product of two numbers is 24, and if their sum- 
be added to the sum of their squares, the result will be 62. 
What are the numbers ? Ans. 4 and 6. 

6. Find two numbers such that, if their product be added 
to their sum, the result will be 47, and if their sum be sub- 
tracted from the sum of their squares, the result will be 62. 

Ans. 7 and 5. 

7. The sum of two numbers is 27, and the sum of their 
cubes is 5103. What are the numbers ? Ans, 12 and 15. 

8. The sum of two numbers is 9, and the sum of their 
fourth powers is 2417. What are the numbers? 

A71S. 7 and 2. 

9. K the product of two numbers be multiplied by the 
sum of their squares, the result will be 1248, and the differ- 
ence between their squares is 20. What are the numbers ? 

Ans, 6 and 4. 

10. Divide the number a into two such parts that the 
product of their squares shall be b, 

2 2 
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11. Divide the number 20 into two such parts that the 
product of their squares shall be 9216. Ans. 12 and 8. 

12. Find two numbers^ such that their product shall be 
equal to the difference between their squares, and the sum 
of their squares shall be equal to the difference between their 

cubes. 6±\/6 . _^V^ 

Ans. i — and i-^— 

4 2 

13. A certain number consists of two digits. The left- 
hand digit is equal to three times the right-hand digit ; and 
if 12 be subtracted from the number, the remainder will be 
equal to the square of the left-hand digit. What is the 
number? Ans. 93. 

14. Find two numbers, such that if their difference be 
multiplied by the greater, the product will be 40, and if the 
difference be multiplied by the less, the product will be 15. 

Ans, 8 and 3. 

15. The fore-wheel of a carriage makes 6 revolutions 
more than the hind-wheel in passing over 120 yards; but if 
the circumfereuce of each wheel be increased by one yard, 
the fore-wheel will make only 4 revolutions more than the 
hind-wheel in the same distance. Find the circumference 
of each wheel. 

Ans. Fore-wheel, 4 yards ; hind-wheel, 5 yards. 

16. Find two numbers such that, if the less be subtracted 
frqpa three times the greater, the remainder will be 35, and 
if four times the greater be divided by three times the less 
plus one, the quotient will be equal to the less. 

Ans. 13 and 4. 

17. Find two numbers whose product is 128, and the 

difference between whose squares is 192. Ans. 16 and 18. 
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18. A certain number consists of two digits. If 9 be 
added to the number, the order of the digits will be inverted, 
and if 10 be subtracted from the number, the remainder will 
be equal to the sum of the squares of the digits. What is 
the number? Ans. 23. 

19. A certain number consists of two digits. The num- 
ber is equal to three times the sum of its digits, and three 
times the number is equal to the square of the sum of its 
digits. What is the number ? Ans, 27. 

20. Find two numbers whose product is 6 times their 
sum, and the sum of whose squares is 325. 

Ans. 10 and 15. 

21. Find two numbers whose sum is 6, and the difference 
between whose third powers is 56. Ans. 4 and 2. 

22. Find two numbers such that, if three times the 
square of the greater be added to twice the square of the 
less, the result will be 110, and if half their product be added 
to the square of the less, the result will be 4. 

Ans. 6 and 1. 

23. Two persons, A and B, leave Columbia, and walk in 
the same direction at uniform rates, B starts 2 hours after 
A, and, after traveling 30 miles, overtakes him ; but had 
each traveled half a mile more per hour, B would have over- 
taken A 42 miles from Columbia. At what rate did each 
travel ? An^. Ay2l miles per hour; B, 3 miles per hour. 

24. The sum of A and the square root of B is 21, and if 
the square root of A be subtracted from B, the remainder 
will be 21. Find the values of A and B. 

Ans. A = 16, B = 25* 
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25. Find two numbers, the sum of whose squares is 58, 
and the sum of whose cubes is 370. Ans, 7 and 3. 

26. The year in which an important event in American 
History occurred is expressed by four digits. The sum of 
the digits is 21 ; the sum of the two middle digits is twice 
the sum of the other two ; the square of the fourth digit, 
counting from the left, is 5^^ times the second digit; and if 
4995 be added to the number of the year, the order of the 
digits will be inverted. In what year did the event occur ? 

Ans. 1776. 

27. Two men, A and B, sell a certain number of mules 
for $568. B sells four more mules than A. B would have 
received 1200 for the number A sold, and A would have re- 
ceived $336 for the number B sold. Find the number sold 
by each, and the rates at which they sold. 

Ans. A sold 4 mules at $42 each, and B sold 8 mules at 
$50 each. 

28. A poulterer going to market to buy turkeys met with 
four flocks. In the second there were 6 more than three 
times the square root of double the number in the first ; the 
third contained three times as many as the first and second 
together ; the fourth contained 6 more than the square of 
one-third of the number in the third ; and the whole num- 
ber was 1938. How many were there in each flock ? 

Ans. 18, 24, 126, 1770. 

29. There were two shelves of books, the upper one con- 
taining one more book than the lower one. A certain num- 
ber having been taken from the upper shelf, and as many as 
then remained from the lower shelf, it was found that if the 
square of the number remaining on the lower shelf be added 
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to the square root of that number, the result would be equal 
to the quotient obtained by dividing 72 by the excess of the 
number taken from the upper shelf above unity. How many 
books were taken from the upper shelf? A71S. 5. 

30. A and B were going to market, the first with cucum- 
bers, and the second with three times as many eggs. If B 
had given all his eggs for the cucumbers, A would have lost 
10 cents, according to the rate at which they were then sell- 
ing. If A had given three-fifths of his cucumbers for all of 
B's eggs, B would have lost 6 cents, according to the same 
rate, but would have gained upon the whole the price of six 
eggs, if he could have sold the cucumbers at 6 cents each. 
Find the number of eggs and cucumbers, and the price of 
each. 

Ans. 30 eggs and 10 cucumbers; eggs, 1 cent each; cu- 
cumbers, 4 cents each. 

31. A person bought a certain number of larks and spar- 
rows for $.72. He paid as many cents per dozen for larks as 
there were sparrows, and as many cents per score for spar- 
rows as there were larks. If he had bought 10 more of each 
(the price of larks remaining the same), and had given as 
much per dozen for sparrows as he gave per score for larks, 
he would have paid for all $3.05. Find the number of each. 

Ans, 15 larks and 36 sparrows. 
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EATIO. 



88.— 1. Which is greater, 16:15 or 17:14? 

Ans. 17:14. 

2. Which is greater, a + 2:^ + 4 or a + 4:- + 5? 

Ans. a + 4 : - + 5. 

Q 

3. Find the inverse ratio of D* to Q. Arts, ^, 

4. Find the ratio which is compounded of the subdupli- 
cate ratio of i»^ to y^ and the duplicate ratio of Vi to yfy. 

Ans, -x. 

5. Show that the ratio of a^ — a? to a^ -{-a^ is 
greater than the ratio of a — x to a + a;, if a: is not equal 
to a. 

6. Show that the ratio compounded of a?+y : a, x—y : S, 

Q^ —~ ti^ 
and h : ^, is a ratio of equality. 

7. How is the ratio of « to a — 2J affected by adding d 
to both terms. Ans. The ratio is diminished. 

8. Two vessels, A and B, each contain a mixture of wine 
and water, A in the ratio of 3 to 2, and B in the ratio of 7 to 
3. How many gallons must be drawn from each, in order to 
make a third mixture which shall contain 5 gallons of water 
and 11 gallons of wine ? 

Ans. 2 gallons from A, and 14 gallons from B. 
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PROPORTION. 

89, — 1. Find a mean proportional between to c? and ^. 

Ans. ab, 

be 

2. Find a fourth proportional to a, J, and c, Ans. — . 

3. Find a third proportional to a and b. Ans. —. 

4. If a:b = c:dy show that {a + mby : (c + md)^ = 
a^ — ^ : c* — cP, 

5. If a:b=zc:dj and c:e=ze:d, show that a : J = 

6. If x:y = a^:l^y and a : J = V« + ^ - Va — y, show 
that 2x:a = x — y:y. 

7. Solve the equation 6x + a:4:X + b=z3x — b: 2a;— a. 

Ans. X = -7 £. 

8. Solve the equations 

( a^^f : (a:-y)«=61 : 1 ) Ans \^= "^^^ ^^ "^^^^ 



y=±16or ±20. 



9. Solve the equations 



( Vy— Vy — X = v20 — x) ix = u, 

(V^=:^:V2o:=^=3:2r ^""'^ |y = 25. 

10. Solve the equations 

. |a;y + y> = 126 j (y=±6. 
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11. Solve the equations 



I n:mz=ix-^y:x+y) 



. 3. _ -j, « (^ + ^)^ 



,a(m — n) 

12. What number must be added to a and subtracted 
from h^ that the sum may be to the difference as m is to n ? 

im — an 



Ans, 



m + n 



13. Divide the number 100 into two such parts^ that 6 
times their product shall be to the sum of their squares as 
24 is to 17. Ans. 80 and 20. 

14. Divide the number 18 into two such parts, that 
their squares may be in the ratio of 25 to 16. 

Ans. 10 and 8. 

15. Divide the number 14 into two such parts, that the 
quotient of the greater divided by the less shall be to the 
quotient of the less divided by the greater as 16 is to 9. 

Ans. % and 6. 

16. The captain of a privateer descrying a trading vessel 
7 miles ahead, sailed 20 miles in direct pursuit of her, and 
then observing the trader steering in a direction perpendicu- 
lar to her former course, changed his own course so as to 
overtake her without making another tack. On comparing 
their reckonings, it was found that the privateer had run at 
the rate of 10 knots per hour, and the trading vessel at the 
rate of 8 knots per hour. Find the distance sailed by the 
privateer while in pursuit. Ans. 25 miles. 
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VAEIATION. 

90. — 1. yoza?y and when « = 3, y = 27. Find the 
equation expressing the relation between y and x. 

Ans. y = 3;r^. 

2. If y2 oc flj2 __ y^^ an(j y = — when ic = Vo^TZ^, 
what is the equation expressing the relation between y and x ? 

Ans, y^ = -^ {a^ — ^)' 

3. If X + yccx — y, show that x^ + y^ocxy. 

4. K iz; oc a: + my, and y = 2 and z = 3 when 
a: = l, and y = 3 and z=r4: when «=:2, what is 
the value of tw ? Ans. m= —2. 

5. The time in which a pendulum makes one vibration 
varies as the square root of its length, and the length of a 
pendulum which vibrates once in a second is 39.2 inches. 
Find the length of one which vibrates 56 times in a minute. 

Ans, 45 inchea 



PERMUTATIONS. 

91. — 1. Find the number of diflferent permutations of 9 
things, taken 4 at a time. A7is. 3024. 

2. For how many days can 5 persons be placed in differ- 
ent orders of arrangement around a table at dinner ? 

Ans, 120. 

3. The number of permutations of n things, taken 3 at a 
time, is to the number, taken 5 at a time, as 1 is to 12. Find 
the value of 7i. Ans, n = 7. 
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4. The number of things is to the number of pennuta- 
tions of the things, taken 3 at a time, as 1 is to 20. How 
many things are there ? Ans, 3. 

6. The number of permutations of n things, taken 3 at a 
time, is one-fifth of the number of permutations of n + 2 
things, taken 3 at a time. Find the value of n. 

Ans, w = 4. 

6. How many different permutations may be made of the 
letters in the word Calcutta, taken all together ? 

Ans. 5040. 

COMBINATIONS. 

93, — 1. Out of 100 soldiers, how many different bodies 
of 4 sentinels each can be chosen ? Ans, 3921225. 

2. The number of combinations of n things, taken 3 at a 
time, is to the number, taken 5 at a time, as 5 is to 18. Find 
the value of n, Ans. w = 12. 

3. If the number of permutations of n things, taken 3 at 
a time, is equal to the number of combinations of n 
things, taken 4 at a time, what is the value ofn? 

Ans, w = 7. 

4. Of 9 things, how many must be taken at a time, in 
order that the number of combinations may be the gi'eatest 
possible ? Ans, 5 or 4. 

5. A person wishes to make up as many parties as he can 
out of 20 friends. How many should he invite at a time ? 

Ans, 10. 
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THE BINOMIAL FOBMULA. 

93.— 1. Expand {a + x)*. 

Ana. a* + 4rfte + 6aV + 402;* + ic*. 

2. Expand {%x + dy)\ 

Am. 32«5+240a:*y+720«y+1080a?y»+810a;y*+243y«. 

3. Expand (a« — q?)K 

Ans. cfi — 4fl%? + 60^ — 4flftr« + a^. 



4. Expand (l + |) • 



^'^•^+T + -2- + X+16+32- 



6. Expand ( ^ ^ "" ^y) • 



Ans. ^-la:6y + ^a^y3-^ajy+70aV-168a?»« 
+ 224a:y» — 128yl 

6. Expand (a^ — fla;)io. 

^n*. a»— 10a% +45aWa:3— 120a"a;«+210ai«ar*— 252a^«a:^ 

+ 210ai*a^— 120a%7 + J^^a^a^—K^a^^ + a%io. 

7. Expand (v^ •— "VyT* 

Ans. a?— 6^^^ + 15v'^— 20a;y+15'^^^— 6v^^+y8. 

8. Expand (1 + x)^. 

A 1 I ^ x^ 0^ 5a:* 
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9. Expand (1 — a;) ». 

« 3a;3 6a:8 35a:* 
Ans. i+- + — + — + j^+ 

10. Expand (j^r^a- 

Ans. 1 + 3ir + 6a? -f lOa^ + 15a:* + . . . . 

11. Show that 

a; . 3a:8 . 5a:8 



\a — z/ "■ "*" a + x "*" 2 (a + a;)2 "*" 2 (a + x)^ 



~f~ • • • • 



12. Expand (1 + x) ^. 

V2 ^ 12 V2 

13. Find the 8th tenn of the expansion of (1 + a;)^^. 

Ans. 330a;''. 

14. Find the 6th term of the expansion of {a^ — 2aby. 

Ans. — 192flW 

15. Find the 4th term of the expansion of (a? + i^f. 

Ans. lOx^V. 



16. Find the 6th term of the expansion of (— + ~\ 



12 



. 792a;^y^ 
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THE HIGHEB BOOTS OF QUANTITIES. 

94.— 1. Find the fourth root of a* + 4flftr + 6ah^ + 
4aa^ + a:*. Ans. a + x. 

2. Find the fifth root of 32a:* + 240a^ + 720a:y + 
1080a;2^ + 810a?y* + 243y«. Ans. 2x + Sy. 

3. Find the fourth root of a» — 4£^+ 6a^2^— ^hfi+a^, 

Ans. o* — a^. 

4 Find the fifth root of l + ^ + ^ + ^+^ + iJ. 

Ans. 1 + H« 

5. Find the tenth root of a»— 10a»a;+45a%8— 120aiV 
+ 210a«a;*— 252a}hfi+ 210ai^— 120oi«2;' + 46a%8— lOa^ia;® 
+ a%i®. Ans. a^ — aa*. 

6. Find the sixth root of a^ — 6x^y^ + 16x^y^ — 20a:y 
+ Ux^y^ — ex^y^ + f. 



DECOMPOSITION OF RATIONAL FRACTIONS. 

95. Separate each of the following fractions into its par- 
tial fractions : 

2a; -3 .1.1 
1. -7i — s s* Ans. 7 + 



ic2 — 3a; + 2 a;— I'a; — 2 

6a^»--4a;-6 . — 2 10 . 18 



(a:— l)(a;— 2)(a;-3y «— 1 a;— 2 ^ a;-3' 
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^ .623 
3. 7-5 — TT-T tjT' Ans. — —7 "7 + 



(a;3 — 1) (a? — 2) ar + l a;--l'i» — 2 

9 + 34a; + 29gg 

(l + a:)(l + 2a;)(l + 35)- 

>! 2 . 3 . 4 



1 + a: ' 1 + 2a; ^ 1 + 3a;* 



1 ^ ^' 4a» 2a3 

5. -: V Ans. 



6. 



it^ — a* ' x — a X + a a^ + a^ 

a^ + hx -\- k 
(x — a) (a; — b) {x — c) 

a^+ah + k b^+bh + k (^^ch + k 



a; — a a; — ^ a; — c 



SERIES. 

ARITHMETICAL PROGRESSION. 

96. — 1. Find the 15tb tenn of the series 3, 7, 11, ... . 

A718. 59. 

2. Find the 11th term of the series 6, 1, — 3, ... . 

Ans, — 35. 

3. Find the 20th term of the series 57, 54, 51, ... . 

Ans. 0. 

4. Sum to 20 terms the series 1, 3, 5, ... . 

Ans. 400. 



134 



SEBIEB. 



6. Sum to « terms the series n^^ r^^ ^l^zl 



n 



n 



Ans. 



n 



6. Form an A. P. of 5 terms whose extremes shall be 117 
and 477. Ans. 117, 207, 297, 387, 477. 

7. Given a = 1, « = 280, and » = 32, to find d 
and I, 

Ans, 




8. Given a = 15, d = — 2, and s = 60, to find I 
and n. ^ „_ j Z = 5 or — 3. 



Ans. 



6 or 10. 



9. Find the sum of the first n terms of the progression 



1, iC, 3, 4, • . • • 



10. The n^ term of an A. P. is 



n 



Ans. sz=^{l + n). 



3w-l 



find the first 



term, common difference, and the sum of the first n terms. 



a = 3, 



Ans. ^ (? = -, 

.^ = §(3^ + 1). 

11. A sets out from a place and travels 1 mile the first 
day, 2 the second, 3 the third, and so on. Six days later B 
sets out from the same place and travels 15 miles a day in 
the same direction as A. How long will A travel before he 
is overtaken by B ? Ans. 9 or 20 days. 



ABITHMETICAL PBOGBESSIOK. 135 

i%. A sets out from a place and travels 1 mile the first 
day, 2 the second, 3 the third, and so on. B sets out m days 
later from the same place and travels n miles a day in the 
same direction as A. How long will A travel before he is over- 
taken by B ? . 2;t — 1 ± V{2n — 1)^ —'Smn 

Show that B will never overtake A if m"> ^ — ^ — -. 

on 

13. The distance from P to Q is 168 miles. A sets out 
from P toward Q and travels 3 miles the first day, 5 the sec- 
ond, 7 the third, and so on. At the same time B sets out 
from Q toward P, and travels 4 miles the first day, 6 the 
second, 8 the third, and so on. When will they meet ? 

Ans. At the end of 8 days. 

14. A certain number consists of three digits, which are 
in arithmetical progression. If the number be divided by 
the sum of its digits the quotient will be 26 ; and if 198 be 
added to the number the order of its digits will be inverted. 
What is the number ? A7is. 234. 

15. Find three numbers in A. P. whose sum is 18, and the 
sum of whose squares is 158. Ans, 1, 6, 11. 

16. Find four numbers in A. P. whose sum is 16, and tbe 
sum of whose squares is 69. Ans. 2^, d^, 4|^, 5}. 

17. Find three numbers in A. P., the sum of whose 
squares is 308, and the square of whose arithmetical mean 
exceeds the product of the extremes by 4. Ans. 8, 10, 12. 

18. Find four numbers in A. R whose sum is 56, and 
whose continued product is 9360. Ans, 2, 10, 18, 26. 
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GEOMETRICAL PROGRESSION. 

97. — 1. Find the sum of the first ten terms of the series 
2 4 174075 

^' 3' 9' • • ' • 59049 • 

2. Form a G. P. of 9 terms whose extremes shall be 3 and 
768. Ans. 3, 6, 12, 24, 48, 96, 192, 384, 768. 

3. Find the 7th teim of the series — 21, 14, — 9^, ... . 

448 



Ans. — 



243* 



4. The arithmetical mean between x and y is double the 

geometrical mean ; find the value of -. Ans, 7 ± 4-^/3, 

if 

6. Multiply 1 + ^ + J + . . • . to infinity by 1 — 

111 4 

o + Z ~" Q + • • • • ^ infinity. Ans. ^« 



6. Find the value of x in the equation 

X ' X X ^ i*^»i ^ 

a? — y+j— g+....to mfinity = ^. 

Ans. x=l. 



7. Find the ratio of an infinite decreasing G. P., of which 

the first term is a, and the sum of the terms b. 

A h —a 

Ans, r = — 7 — . 



8. Find the ratio of an infinite decreasing G. P., in which 
each t^rm is m times the sum of all the terms which follow 

it. . 1 

Ans. r = 



w + 1' 
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9. Find the sum of the first n terms of a G. P. whose 
first term is a, and fourth term d. 



Ana. 8 =2 



8/ (T 



a 



10. The extremes of a G. P. of 6 terms are 2 and 8 ; 
find the product of all the terms. An8. 4096. 

11. The sum of four numbers in G. P. is 30, and the 
quotient obtained by dividing the last term by the sum of 
the means is 1^; find the numbers. Ans. 2, 4, 8, 16. 

12. The sum of the first and third of four numbers in 
G. P. is 148, and the sum of the second and fourth is 888 ; 
find the numbers. Ans, 4, 24, 144, 864. 

13. Find the geometrical mean of a G. P. whose extremes 
are 2 and 32. Ans. 8. 

14. The continued product of three numbers in G. P. is 
8, and the sum of their cubes is 73 ; find the numbers. 

An8, 1, 2, 4. 

15. If P be the continued product of n quantities in 
G. P., 8 their sum, and 8^ the sum of their reciprocals, show 



that P2 



THE DIFFERENTIAL METHOD. 

98.— 1. Find the 12th term of the series 1, 5, 15, 35, 
70, 126, .... Ans. 1365. 

2. Find the 15th term of the series 1, 4, 10, 20, 35, 

An8. 670. 
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3. Find the 20th tenn of the Beries 6, 10, 15, 21, ... . 

Ans. 253. 

4. Find the n^ tenn of the series 2, 6, 12, 20, 30, ... . 

Ans, n^ + n. 

5. Find the 50th tenn of the series 1, 3, 6, 10, 15, ... . 

Am. 1275. 

6. Find the n^ tenn of the series 6, 24, 60, 120, 210, 

Ans, n{n + l){n + 2). 

7. Find thesnmof 10 tenns of the series 3,5, 7,9,11,.... 

Ans. 120. 

8. Find the sum of n tenns of the series 1, 3, 6, 10, 15, ... . 

Ans. «(~ + l)(>^ + ^). 

o 

9. Find the sum of n tenns of the series 2, 6, 12, 20, 30, ... . 

O 

10. Find the sum of n tenns of the series 1^ 2®, 3^ 4*, . . . . 

n^ + n\^ 



Ans. 



/ n^ + n y 

v""2~r 



11. Find the sum of n tenns of the series 1, 4, 9, 16, 25, 
36, ... . ^r^ + dn+l)n 

O 

12. Show that the n^ tenn of the series 6, 24, 60, 120, 
210, .... is 3 times the sum of n tenns of the series 
2, 6, 12, 20, 30, ... . 
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INTERPOLATION. 

99. — 1. Find the 5th term of the series of which the 6th 
differences yanish and the 1st, ^d, Bi, 4th, 6th, 7th terms are 
11, 18, 30, 50, 132, 209. Ans. 82. 

2. Find the 2d term of the series of which the 4th diflfer- 
ences vanish, and the 1st, 3d, 4th, 5th terms are 3, 15, 30, 55. 

Ans. 7. 

3. Given the square roots of 19, 20, 21, 23 to find that 
of 22. 

4. Insert three equidistant terms between every two con- 
secutive terms of the series 1, 4, 10, 20, 35. 

195 280 385 663 
^ns. 1, ^^g, ^^y, ^j^g, 4, ^^g, .... 

DEVELOPMENT OF EXPRESSIONS INTO SERIES. 

100. Convert each of the following expressions into an 
infinite series : 



« Ans l-.?4.5?-5! 

; • SLUSu J. — r ^ ^ 



^ a . ^ X x^ s^ 

a — X a a^^ a^ 

3. "^ "^ ^^ 



I'-x — ofl 

Ans, l+3a:+4a^+7a^+ll«*+18a:»+ . . . . 

l4-2a; 
1 — 2; + a^* 

Ans. l + 3a:+2aj8— 2^8— 3a:*— 2ic»+a^+ . , . . 



110 

5. „ " ,_ Am. i+8i>+3i*+4a!'+5»?+ 

(1 - xf 

^ W=^ -^"■S + 5 + S + E+ ■•■• 

7. 'i/a — x. 

An,, -^^^l-25-2^3-2.4.6„. 1 

,, , , X ia? %h:f 

9. (o-S)*. 

}/ 8i ay _2Ji*L_ ^ 

" r 30 3 • eo" 3 • 6 ■ 9o« ■••■/' 

10. »(l-J;)^. 

a;' esH" 6-lla:* 

BECUBBINQ SEBIE8. 

1. Find tlie generating fraction of eacli of the follow- 
lea: 

+ J + 5 + 5+.... ^ml. j^. 

+ 3a! + 4a? + ?«:• + lln< + iat< + ... . 

. i+a» 
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4. 1 + 3a; + 2a^ — a^ — 3«* — 2iB8 + a;* + • . . • 

1 + 2a? 



Arts. 



5. X + 2a^ + da^ + 4a^ + 6Qfi+ . . . . Ana. 



l-^x + dfl 

X 



(1 - xf 



^ 1 1 X , a^ . 1 



3a; ^ 9 ^ 27 ^ 81 ^ 3a? - a«' 

7. 1 + 4a; + 6a;2 + u^ ^ 28a;* + 63a;« + .... 

(l + a;)»-2a^ 
^^- (1 ^ a;)2 - 3^- 

8. l+a; — a;8 — a;* + a;« + a;''— -a;* — a;io+.... 

1 



Ans. 



1 _ a; 4- a«- 

«7» X ■"" X "^ 3/ -^ 3/ ~^ 3/ ~~~ a; "y~ 3/ ^^ • • . • 



10. a; + 3a:» + 6a;3 ^ 10a;* + . . . . Ans. 



1+x + a^' 

X 



(1 — xy • 



REVERSION OP SERIES. 

lOS* — ^Eevert the series in the following equations : 

1, y=ix + a^ + Qi^+.... 

Ans. a; = y — y2^y8 — y* + ^- 



• . • • 



1/2 4/8 y^ 
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Ans. a; = y — 3y» + 13y^ — 67y* + • . . . 
136 



128 



(y-1)*- 



5. y =: o + te + cr*. 

^«S. z = -(y_ffl)_£(y_o)» + _(y_o)«_ 

-y (y - o)* + . . . . 



6. if = l+x — 23? + afi. 

Am. x = y-l + 2(y-l)> + 7(y-l)» + 
30 (y - 1)« + 

7. y = a + bx + ci? + da?. 

Ans. X = J (y — ffl) _ p(y - a)» + — =— (y— a)»— 

5c* — 5dcd , V . . 

M (»-«)*+ • • • • 



8. y = 1 + 2a; + 4a:» + 8a!« + . . . . 

|(y-i)-|(y- -, . 2 



^««. a; = 5(y-l)-5(y-l)»+5(y-l)«_ 



3(y-i)*+ 
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• • • • 



^' ^""^ + F2 + rT^ + l-2-3-4 + 

. «/* «/• t/* 

Ans. a; = y-|- + |- — ^+.., 

10. y = aa: + Ja;^ + ca:^ + . . . . 

-4/J5. x^=-y =y^ H = — tr ;, — -— y* 



+ . . 



• • 



LOGAEITHMS AND EXPONENTIAL EQUATIONS. 

LOGARITHMS. 

103.— 1. Show that log. 4 = — 2. 

2. Show that a negative number has no real logarithm. 

3. Show that log^ = oo or + oo , according as a > 1 
or <1. 

4. Show that log {a^ — ^) — log (a — J) = log {a + h). 

5. Show that log 2— log ( a/S — V2) = log 2 + log ( Vs 
+ V2) — log3. 

6. In a G. P. a = Tj Z = 64, and r = 4; what is the 
value of w ? Ans, w = 5. 

7. In a G. P. a == 1, Z = 32, and 5 = 63 ; what is the 
value of w ? ^TW. 71 = 6. 

8. In a G. P. a = 1, r = 3, and « = 121 ; what is the 
value of w? Ans. w = 6. 
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9. In a G. P. i = 0, r = |, and s = 8 ; what is the 
Talneof nP Ans. n = Qo. 

10. Given a' x o* X a? x a' . . . . =p to find the 
nnmher of &ctor8 a\ a', tfi, d', . . . , f^SP 

V logo 

EXPONENTIAL EQUATIONS. 
104.— 1. Solve 20* = 100. Ans. x = \.^Zt. 



. Solve ab' :=«. Ans. s 



logs 



log » — log a' 



4. Solve , 



log[i(l±V5)l 



3. Solve fl* — a' = 1. Ans. * _ . — 

log 



Ans. 



1^1 /— \* 



Jolve (28)' (S")' = 4.9. Ans. x = .37166. 

kilve 0*'+'' = c. Am. x = 

iolve a'«i" = c. Ans.x = —, ^ 



- logc — f^logi 



m log a + n log b' 
Iolve Sa* X 5»^ = 7»-i x .11»--. Ans. x=l.U2. 
Solve Jl*' = 63yl , 137 = 1.6624, 
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= 4.3818, 
0584 



10. Solve -1^ -, >•. Arts. \ ' 

11. Solve •< o"" of- ^^' \ ""o'oivK 

(aj8=y8) (y = 3.375. 



COMPOUND INTEKEST AND ANNTIITIES. 

COMPOUND INTEREST. 

105* — 1. What time is required for any sum of money 
to double itself at three per cent compound interest? 

Ans. 23.45 years. 

2. A bottle of wine that originally cost 20 cents was put 
away 200 years ago ; what would it be worth now, allowing 
6 per cent, compound interest? Ans, 13458.10. 

3. What will be the amount of $5000, at 4 per cent, com- 
pound interest, for 40 years ? Ans. $24005.10. 

4. In what time will $5 amount to $9, at 5 per cent 
compound interest ? Ans, 12.04 years. 

5. A capital of $1000 in 6 years, at compound interest, 
amounted to $1800 ; what was the rate per cent ? 

Ans. 10.3. 

6. What principal, at 4 per cent compound interest for 4 
years, will amount to $350.95J? Ans. $300. 

ANNUITIES. 

106.— 1. What is the amount of an annuity of $50 for 
6 years, at 6 per cent per annum, the interest being com- 
pounded every year? Ans. $348.56. 

7 
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2. In what time will an annuity of $20 amoant to 11000, 
at 4 per cent, compoand interest ? Ans. 28 years. 

3. What is the present valae of an annuity of 950 for 20 
yeu^ at 3^ per cent, per annum, the interest being com- 
pounded eTery year ? Ans. $710.62. 

4. What ia the present ralue of a perpetual annoity of 
$3000, at 3 per cent per annum, the interest being com- 
pounded every year? Ans. tlOOOOO. 



THEORY OF EQUATIONS. 
aENERAL PBOPEBTIES. 

107.— 1. K 3 is a root of the equation 3fi-~i3? + x + 
c = 0, what is the value of c ? Ans. c = 6. 

2. Show that 2 is a root of the equation a? — ^ — 14* 
+ 24 = 0. 

hat — 3 is a root of the equation 3? — 37ar — 

hat 5 and — 1 are roots of the equation a^ — 
aa; — 10 = 0. 

30tB of the equation a:* + a:* — 19a:S + lla; + 
— I and 2 ; what are the other root« ? 

Ans. 3, — 5. 

le equation whose roots are 0, — 1, 2, — 6. 

A7ts. 3* + ^—l3?—lOx=(i. 

le equation whose root« are 4 V3, ~ 4 V^, 

Ans. jr* — 10a:* — 192? -f 480a:— 13»3=:a 
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8. One root of the equation a? — 11a? + 37iB — 35 = 

is 3 + V^ ; what are the other roots ? 

Ans. 5 and 3 — ^/%, 

9. One root of the equation a;* — 3a? — 42a; — 40 = 
is — - (3 4- y'ZIsi); what are the other roots ? 

Ans. 4, — 1, — 2 (^ "" 'vZ-'Sl). 

10. Has the equation a:^ — a? — 8a; + 12 = a real 
root? Why? " 

11. Has the equation a;* + lAa? + 61a?— 84r — 36 = 
any real roots ? Why ? 

TBANSFORMATION OP EQUATIONS. 

108* Transform each of the following equations into 
another whose roots shall be the negatives of those of the 
given equation : 

1. a? — 7a? + 13a; — 3 = 0. ^n«. a?+ 7a?+ 13a; + 3 = 0. 

2. a;* — 3a? + 3a? + 17a;— 18 = 0. 

Ans. a;* + 3a? + 3a? — 17a; — 18 = 0. 

3. a? + 2a? — 7a; — 1 = 0. Ans. a? — 2a? + 7a; — 1 = 0. 

4. a?— 1 = 0. ^W5. a? + l = 0. 

5. a? + 6a? + 5 = 0. Ans. a;* + 6a? + 5 = 0. 

109. Transform each of the following equations into 
another in which the coefficients shall be entire^ that of the 
first term being unity : 

1. a? + 2a? + | + | = 0. Ans. f+ 12^2 + 9y + 24 = 0. 
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la? , 111 *>_(, 

Atit. }■ — 14j' + lis - 75 = 0- 



^ *" 3 "^ 38 78 



J»j. j" - i!5}« + 375y — 1260!) - H™" = <>• 

^7M. y* — 48y* — Sly + 90 = 0. 

110. — !■ Find an equation whose roots are less by 3 
than those of the equation afi — 27x — 36 = 0. 

Am. y» + 9y' — 90 = 0. 

2. Find an equation whose roots are less by 5 than those 
of the equation of — 1&e» — 383? + 17a; + 9 = 0. 

Ajis. y* + 2y« — 152 f — 1153y — 3331 = 0. 

3. Find an equation whose roots are greater by 2 than 

xt-183t- Z2x> + 17z + 9 = 0. 
y* — 26y» + 100y» — lOSy + 7 = 0. 

on whose roots are greater by 1.2 than 

sfi — 'i3? + 2x — S = 0. 
-7.4y»+7.9ay»-17.872y-.79232=0. 

iach of the following equations into an- 
»)tid tfirm : 

2 = 0. Ans. y« — 5y — 4 = 0. 

Am. y» — 12y — 11 = 0. 
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3, ir* — 3a:8 + 6a? — 6 = 0. 

^W5. y* — 23y2 + 59y — 62 = 

THEOREM OP DESCARTES. 

112.— 1. Show that the equation a? + 10a; + 26 = 
hafi only one real root. 

2. All the roots of the equation a;* — lOa;^ + 26a:2— 10a; 
+ 1 = are real ; how many of them are negative ? 

Ans. None. 

3. All the roots of the equation a;^ — - 6a;* — - 2a;* + 2a;* 
+ 6a; — 1 = are real ; how many of them are positive ? 

Ans, Three. 

4. All the roots of the equation a!^ — 13a;* + 67a;® — 
171a;* + 216a; — 108 = are real; how many of them are 
positive ? Ans. All are positive. 



DERIVED FUNCTIONS. 

113. — 1. Find the derivatives of ofi — pa? --qo^ -\- s. 

' 5a;* — 3/?a;8 — %qx^ 
20a;» — ^px — 2g^, 
Ans, s 60a;* — 6/?, 
120a;, 
120. 

2. Transform the equation a;® — 6ai* + 7a; — 2 = into 
another wanting the second term by the method of deriva- 
tives. Ans. a;* — 6a; — 4 = 0. 
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3. Find the first derivatiTe of {x + af(x + b)'. 

Ans. 3{x + o)»(ar + bf + 2{x + b)" (x + a). 
i. Find the first derivative of (x — ay{x — by-{x—cy. 
Ans. m{x — a)"^i (x—b)" (x—c)" + n (a:— J)"-' {x~a)* 
(x-cr+p(x- c)"-^ (X - «)" (* - i)». 

ROOTS COMMON TO TWO EQUATIONa 

114.— 1. Find the root which is comnioii to the two 
equations x^ — 33? — 16x~l% = and afl — W + tix 
+ 13 = 0. Ans. —1. 

2. Find the root which ia oommon to the two equations 
3» — S3? + nx — 9 = and a< — 5a? + Ua:- 7 = 0. 

Ans. 1. 

3. Find the rools common to the two equations s^—Zj? 
— 7a:» + 26a; — 20 = and a:*+ 4a:S— 22:>— 12a; + 8 = 0. 

Ans. — 1 ± Vs. 
im of two of the roots of the equation z* — %3? 

— 8 = is zero ; solve the equation. 

Ans. a; = ± a or 1 ± V^-l, 

EQUAL ROOTS, 
id the equal roots of each of the following equa- 

-Ua;*— 8a:»+30a:+16=0. Am. 2, 2, —1, —1. 
+ 3«« — ra^ + 8a; — 3 = 0. Ans. 1, 1, 1. 

— 16a; + 20 = 0. Ans. 3, 3. 

— 3a:" — 4a; + 4 = 0. ^ns. 1, 1, - 3, — 2. 
+ 10a; — 8 = 0. Ans. It has no equal roots. 
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LIMITS OP THE ROOTS OP AN EQUATION. 

116. Find the first figure of one of the roots of each of 
the following equations : 

1. afi + ex^ + 27a? — 26 = 0. Ans. .8. 

2. a* — 9a;? + 6a: — 2 = 0. Ans. 8. 

3. a:^ — 3a^ + 5a; — 43 = 0. Ans. 4. 

4. a;* — 5a;8 + 9a; = 2.8. Ans. .3. 

117. Find the limits of the positive roots in each of the 
following equations • 

39 

1. a:* — 5a:8 + 37x^ — 3a; + 39 = 0. Ans. 6 and jj. 

2. a« + 7a:*— 12a:8— 49a;84.52a;— 13=0. Ans. 8 and -. 



3. a;* + 11a? — 25ar — 67 ^0. 

Ans. 1 + \/Q7 and — 



1 + 



\/l 



14 4 

4. 3a:8 — 2a:? — 11a; + 4 = o. Ans. y and j^. 

118. Find the limits of the negative roots in each of the 
following equations: 

1. a;* + 5a;» + 37a;» + 3a: + 39 = 0. 

Ans. — 6 and — ^r- 

44 

2. a;» — 7a;* - 12a;» + 49a:? + 52a; + 13 = 0. 

Ans. —8 and — ^. 

o 
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3. a;* + lla^ + 25a: — 67 = 0. 

Ans. — (l + V&i) and ?— -=. 

14 4 

4. 3a;» + 2a:^ — 11a; — 4 = 0. -4w«. — -^ *^^ ^ Tg- 

STURM'S THEOREM. 

119. Find the number and situation of the real roots of 
each of the following equations : 

1. a;8 + 2a;» — 3a; + 2 = 0. 

Ans. One; between —4 and —3. 

2. a:* — 2a; — 5 = 0. Ans. One; between 2 and 3. 

3. a;8 — 3ar» — 4a; + 11 = 0. 

Ans, Three; one between —2 and —1, one between 
1 and 2y and one between 3 and 4. 

4. a;* — 4a;3 _ 3a. ^ 23 = 0. 

Ans. Two; one between 2 and 3^ and one between 3 
and 4. 

5. a;* - 33a;» — 100a; — 84 = 0. 

Ans. a; = 7, — 2, — 2, or — 3. 

6. a;* + a;8 + a^ — a; — 500 = 0. 

Ans. Two ; one between — 5 and — 4, and one between 
4 and 5. 

7. a;* — 12a;? + 12a; — 3 = 0. 

Ans. Two between and 1, one between 2 and 3, and 
one between — 4 and — 3. 

8. a;* — a;8 — 4a;3 + 4a; + l=0. 
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HORNER'S METHOD OF APPROXIMATION. 

120. Find a root situated between the assigned limits 
in each of the following equations : 

1. 0^ + 20?^-^ 23a; = 70 ; root between 5 and 6. 

Ana. 5.1345. 

2. ir8 — IW + 42a; = 185 ; root between 15 and 16. 

Ans. 15.024. 

3. 33^ + 20^ + ^ = 116', root between 2 and 3. 

Ans. 2.5779. 

4. oc^ + a^ + a^'-X'- 500 = 0; root between 4 and 5. 

Ans. 4.4604. 

5. ^4 _ 9aj8 _ iia^a _ 20a: = — 4; root between .1 and .2. 

Ans, .1796. 

6. a* — 3a;3 + 75a; = 10000 ; root between 9 and 10. 

Ans. 9.8860. 
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PILES OF BALLS. 



!• To find the number of balls in a triangular 
pile. 




The number of balls in the first or top course is 1. 
The number of balls in the 2d course is 1 + 2 = 3. 
The number of balls in the 3d course is 1 + 2 + 3 = 6. 
The number of balls in the 4th course is 1 + 2 + 3 + 4= 10. 

The number of balls in the nf^ course is 1 + 2 + 3 + 4 

Hence, the number of balls in a triangular pile of n 
courses is equal to the sum of n terms of the series 1, 3, 6, 

X\}% . • • • 

Denoting this sum by 5^ we have 

>n = "(^ + y^ + '^ (Alg., 633, 5). 
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2. To find the number of balls in a square pile. 




The uumber of balls in the let conree is 1. 
The number of balls in the 2d coarse is 2* = 4. 
The number of balls in the 3d course is 3* = 9. 
The number of balls in the 4th course is 4* = 16. 

The number of balls in the n** coarse is »". 
Hence, the number of balls in a square pile of n conrses 
is equal to the sum of n terms of the series 1, 4, 9, 16 ... . 
Denoting this sum by s„ ve have 

, _ «(» + !) (a« + 1) 

3. To find the number of balls in a rectaugu- 
lax pile. 



Denote the number of balls in the length of the base by 

m, and the number in the breadth of the base by n. Then 
the rectangular pile ia made up of a square pile of n conrses 
and m — n triaogular strata. The number of balls in the 

square pile is — 1^^ -, and the number of balls 
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in each of the triangular strata is ^ J^ \ Hence, de- 

noting the number of balls in the rectangular pile by «^ we 

have 

__ n{n + 1) {%n + 1) (m — n)n {n + 1) 

w (n + 1) (3m — n + 1) 

= i 



4« BXAMPZBS, 

1. Find the number of balls in a triangular pile of 15 
courses. 

Substituting 15 for n in the formula of Art 1, we 

have 

_ 15 (15 + 1) (15 + 2) _ 

'«•- 2ir3 -^^^- 

2. Find the number of balls in an incomplete triangular 
pile of 15 courses, having 21 balls in the upper course. 

Denote the number of courses necessary to complete the 

pile by x\ then ^-^ = 21 ; whence a; = 6. The 

completed pile would therefore contain 20 courses. The 
number of balls in a triangular pile of 20 courses is 1540, 
and tbe number of balls in a triangular pile of 5 courses is 
35 ; hence the number in the incomplete triangular pile is 
1505. 

3. Find the number of balls in a square pile of 15 courses. 

Ans. 1240. 

4. Find the number of balls in a rectangular pile, the 
length of the base being 52 balls and the breadth 34 balls. 

Ans. 24395. 
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5. Find the number of balls in an incomplete square pile 
of 9 courses, having 49 balls in the upper course. 

Ans. 1149. 

6. Find the number of balls in an incomplete square pile 
having 900 balls in the lower course and 225 balls in the 
upper course. Ans, 8440. 

7. The number of balls in a rectangular pile of 20 courses 
is 6440 ; how many balls are in its base ? Ans, 740. 

8. The number of balls in a triangular pile is to the 
number in a square pile of the same number of courses as 6 
is to 11 ; find the number of baUs in each pile. 

Ans. 816, and 1496. 

DEVELOPMENT OF SIMPLE NUMERICAL SXJRDS. 

5. The approximate value of a simple numerical surd 
may be found by means of the Binomial Formula. 

Suppose the given surd to be of the n^ degree. Let an 
denote the perfect nf^ power which is next less or next 
greater than the given number, and let J denote the differ- 
ence between this power and the given number; then will 

V^~±b denote the given surd. 

Developing \^a^ ± b, we have 

V a ±b = a{l± =H ^ 5- 

1 1 — 7^ 1 — 2?^ &8 \ 

'^n~2ii 3^'^+ / .... (R). 

Hence, 

Any simple numerical surd may be developed into a 
series of rational terms. 
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Find the value of each of the following surds to the 6th 
decimal place: 

1. ^^. 

In this example w = 3, and ance ij^ = ^4* -f- 12, 
we have a = 4 and J = 12 ; hence, 

A — A 1 — 1 l — ^ _ 1 1 — 2?t _ 5 
a* ""16' w "" 3' 2» ■" 3' 3« ~" 9" 

lj-3»___2 l~4n _ 11 1 -^ 5^ _ 7 

4;^ ■" 3' 5» ■" 15' 6;^ ~ 9' 

1 — 67i _ 17 

7n " " 21' 

Denote the terms within the parenthesis in (R) by A, B, 

0, D, . . . . ; then in this example 

A = + 1.0000000 

B = + ^ • 4 = + .0625000 

o 16 

0=— 5.Ab =— .0039062 

o lb 

D = -^.:^0 =+ .0004069 

E = — ? :^D = — .0000508 

o lb 

F = - 11 . :^E = + .0000069 

15 16 

G = — I.:^F =— .0000010 

9 lb 

H = — ^.4<^ =+ .0000001 

AiL lb 



Whence, A + B + C + D+E+F+G+H+... = 1.0589559; 
.-. v^ = 4 X 1.0589559 = 4.23582 +. 



2. 


'^. 


3. 


^. 


4. 


^31. 
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Ans. 1.90365. 
Ans. 2.08008. 
Ans. 3.14138. 

5. ^100. Ans. 4.64158. 

OOMPOXJND INTEREST. 

6. To find the amount of p dollars, at com- 
pound interest, for n years, at r per cent, per an- 
num, when the interest is compounded every in- 
stant. 

Denoting the amount by A and the number of instants 
in a year by w, we have 

A=;,(l + ^)"" . . . (1) ( Alg., 678) ; 
whence, 
lo&A = log,^+»M«log, (l + ^) 

= lo&j, +««(£- ^, + 3^, -....) (Alg., 667) 

= \og.p+n(r-^ + ^,-....) . . . (2). 

But by hypothesis m = oo ; hence (2) becomes 
logeA = logeP + nr ... (3); 
whence, log^A — Iog^^ =:7ir ... (4); 

whence, logap = wr ... (5); 

that is, p = c"^ • • • (6); 

whence, A=:pe^ . . . (7). 



160 ' ELIMINATIOlSr. 

ELIMINATION BY THE METHOD OF THE 
GREATEST COMMON DIVISOR. 

7. One of the most general methods for the elimination 
of unknown quantities from a group of equations is that 
known as T%e Method of the Greatest Cofnmon Divisor. 

Let it be requu:ed to eliminate x from the two equations 

/(a:,y) = and f{x,y) = 0. 

Suppose that f{x,y) and f'{x,y) are arranged ac- 
cording to the descending powers of a:, and that /'(a?, y) is 
not of a higher degree than ,/(a?, y) with reference to x. 

We now apply to f{Xy y) and /'{x, y) the process 
of finding their G. 0. D., and continue the process until a 
remainder is obtained which is independent of x. The equa- 
tion obtained by putting this remainder equal to zero will be 
the required equation. For, denoting the successive quo- 
tients by ^1, ^„ ^s, . . . . qny and the corresponding re- 
mainders by Mx,y), ft{x,y)y Mxyy)y . . . .fn(y), we 

have 

f{x, y)=iqj\x,y)+f^{x,y) ... (1) 

f\^yy) =qtfi{^^y)+ft{x,y) ... (2) 
fi{^>y) = 9zM^,y)+M^yy) • • • (3), 

/n-«(a?,y) = ?n/«^i(a?>y)+/«(y) • . • W- 

Now since /(a:, y) = and f'(xy y) = 0, it follows 
from (1) that /i(a:,y) = 0; hence by (2) /8(a;,y) = 0; 
hence by (3) f^ix, y) = 0; and so on; hence /„(y) = 0. 
If the number of given simultaneous equations is greater 
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than two, we may eliminate one of the unknown quantities 
by combining one of the given equations with each of the 
others, and thus obtain a new group containing one equation 
less than the given group. We may then apply the same 
process to the new group, and so on until a single equation 
containing only one unknown quantity is obtained. 

1. Eliminate x from the equations 

a; -f- y - 6 = . • . (1), 
a^+y2^1S = . . • (2). 



a;2 + y2 __ 13 



a; + y — 5 



(y _ 5) a; + y2 _ 13 

2f — lOy + 12 = 

2. Eliminate x from the equations 

ix^ + ^y + y^ = h 

a;8 4. ys _ 0. 

. Ans. 4y« — 6y* + 3y8 — 1 = 0. 

3. Eliminate x from the equations 

a? + (x?^y + x + y=:4:y 

ofi + a^ + xy = i^. 

Ans. y — 1 = 0, or y^ _ 3^ _|_ 21 = 0. 

4 Eliminate x from the equations 

^ + y^-ix + y) = 'llS, 
x + y + xy z=d9. 
Ans. y^ + y^^1l^f^ 273.y + 1404 = 0. 
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5. EUminate x and y from the equations 

x + y -\-z:=zay 
xz + xy + yz= J, 
xyz = c. 

Ans. «* — a^^ + J2; — c = 0. 

6. Eliminate x and ^ from the equations 

x + f = ^, 
y+ «» = 2, 
z + a? = 10. 
-4««. 2^ — 8j^ + 16«* + « — 10 = 0. 

INTEGRAL ROOTS. 

8» Any equation having fractional coefficients can be 
transformed into another haying all its coefficients integers, 
and the coefficient of its first term unity. The transformed 
equation cannot have a rational fraction for a root (Alg., 
594) ; hence, if it has a rational root, that root must be an 
integer. Again, the independent term of the equation is 
divisible by each of the roots (Alg:, 593, Cor. 5) ; hence, 
no integer which is not a factor of the independent term can 
be a root of the equation. 

1. Find the integral roots of the equation 

a4j _ 3a;2 _ 8a; — 10 = 0. 

Here 11 is a superior limit of the positive roots (Alg., 
609), and — 3 is an inferior limit of the negative roots 
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(Alg., 611) ; hence, all the real roots of the given equation 

lie between 11 and — 3. The divisors of the independent 

tenn 10 which Ke between these Umits are 10, 5, 2, 1, — 1, 

and —2. 

If 10 is a root of the equation, its first member must be 

divisible by a; — 10. When we attempt to divide a:^— 3a;2_ 

82; — 10 by a; — 10, we find the remainder to be — 790 ; 

thus, 

3 - 3 — 8 ^ 10 [10 

+ 10 — 70 ^ 780 
1— 7 _ 78— 790; 

hence 10 is not a root. 

The number 5 satisfies the condition of a root; thus, 

1 — 3^ 8 — 10 [5 

+ 5 + 10 + 10 
1 + 2+ 2+ 

It will be found by trial that 2, 1, — 1, and — 2 are not 
roots; hence, the equation has only one integral root. 
The two other roots can be found from the equation 

a? + 2a; + 2 = 0. 

2. Find the integral roots of the equation 

a« — 9a:3 + 26a: — 24 = 0. 

This equation has no negative roots (Alg., 602). The 

12 
limits of the positive roots are 26 and — (Alg., 609-610). 

The numbers 2, 3, and 4, are proved to be roots as fol- 
io w<a: 
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1^9 + 26 -24 [2 

4- 2 — 14 + 24 
1 — 74-12+ 0[3 

+ 3 — 12 
1 — 4+ 0L4 

+ 4 
1 + 

3. Find the integral roots of the equation 

a« + 5a:* + a;» — 16a? — 20ic — 16 = 0. 

Ana. 2, —2, —4. 

4. Find the integral roots of the equation 

a« — 6a;^ + lla? — 6 = 0. 

Ans. 1, 2, 3. 

5. Find the integral roots of the equation 

a4 + 4^ — a« «. 16a; — 12 = 0. 

Ans. 2, — 1, — 2, — 3. 

6. Find the integral roots of the equation 

a4 _ 6a;» — 16a; + 21 == 0. 

Ans, Ij 3. 

7. Find all the roots of the equation 

a^ ^ ejfl + 6a? + 2x -"lO = 0. 

Ans. — 1, 5, 1 ± V^. 

8. Find all the roots of the equation 

a? — 106« — 420 = 0. 

9. Find all the roots of the equation 

a« — 2ar» — 25a; + 50 = 0. 

10. Find all the roots of the equation 

a;* + 12a;8 + ^Ha? + 72a; + 36 = 0. 

Ans. —1, —2, —3, —6. 
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11. Eliminate x from the equations 

X +y2=il, 

and find an integral root of the resulting equation. 

Ans. y = 3. 

In the following examples the integral roots consist of 
two or more figures. 

12. Find all the roots of the equation 

a^ — 23W + 4a; — 948 = 0. 

This equation has a real root lying between 200 and 
300 ; hence, 2 is the first figure of that root The other 
figures are found as follows: 

1 — 237 + 4 — 948 |_2JDI0 + 30 + 7 = 237 

+ 200 -- 7400 —1479200 

— 37 — 7396 — 1480148(i> 

+ 200 + 32600 



+ 163 + 25204<i> 
+ 200 



+ 363^1 > 



l<i>+ 363<i>+ 25204<i>— 1480148^i> 

+ 3 +11790 +1109820 

+ 393 +36994 — 370328<«> 
+ 30 +12690 



+ 423 + 49684<«> 
+ 30 



453^«> 



!(«)+ 453<«>+ 49684(8>— 370328^«> 
+ 7 + 3220 + 370328 
460 +52904 + 
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The numbers marked (1) are the eoefficients of an equa- 
tion whose roots are less by 200 than those of the given 
equation ( Alg., 598) ; hence, the first transformed equation 
is y«+ 363/+ 25204y — 1480148 = 0. This equation has 
one root between 30 and 40 ; hence^ 3 is the second figure 
of the required root The numbers marked (2) are the co- 
efficients of an equation whose roots are less by 30 than 
those of the first transformed equation ; henoe^ the second 
transformed equation is a;" + 4532* + 49684;? -— 370328=0, 
By trial we find that 7 is a root of this equation ; hence, 237 
is a root of the given equation. The other roots may now 
be found by dividing the given equation by a; — 237 and 
solving the resulting equation. 

13. Find all the roots of the equation 

afi + 125i«+ 4a; + 600 = 0. 

The integral root of this equation is negative. Change 
the signs of the alternate terms and proceed with the result 
as in the 12th example. 

14. Find the integral root of the equation 

ir» — 15a:* + 13a;8 — 195a* + 36a; — 540 = 0. 

15. Find the integral root of the equation 

a:* — 20a:3 _ 57^ _ 4^^ __ ^^^ _ ^ 

16. Find the integral roots of the equation 

«* -f- 100ai8 - 3121a« + 400a; - 12500 = 0. 
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CUBIC EQUATIONS. 

9. Ereiy cubic equation coutaimng only one unknown 
quantity can be reduced to the form <^ 

3? + ax = b . . . (1) (Alg., 699). 
Assuming z = ^fy j;=, (1) becomes 

f — iy = ^ . . . (2); 



whence, y = 3 + \/^ + 4 * * * ^^^' 
(b , /«» , S2\* 



This is Cardan's formulai 

If a is negative and ^ is numerically greater than —, 
Cardan's formula fails. 

Solve the following equations : 

1. a;8 _ 9a; _ 14 = 0. Ans. x = 3.591. 

2. jps — 9a; + 28 = 0. Am. a; = — 4 or 2 ± \/^. 

3. a;8 + ea- _ 2 = 0. ^;^5. a? = ^ — ^. 

4. ^8 — 3a? — 18 = 0. ^W5. a;=3or-(— 3±>v/^Il5). 

5. 3)8 — 9a:« + 25rK — 25 = 0. ^^i5. a;=5 or 2 ± V^^. 

6. a;^ + 3«2+ 9aj —13=0. Am. x=l or — 2 ± 3 V^^. 
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BECIPBOCAL EQUATIONS. 

10. A Reciprocal Mquation is one which is not 
changed when the unknown quantity is changed into its re- 
ciprocal. Hence^ if a is a root of such an equation^ - is also 

a root. 

A reciprocal equation is sometimes called a Recurring 
Equation, 

11. To find the conditions which a proposed 
equation must satisfy in order that it may be a 
reciprocal equation. 

Let the proposed equation be 

^ + Ac*-i + Ba^-2 + . . . + Ja«+ Ka: + L = 0-. . . (1). 

1 ic* 

Substituting - for x, and multiplying the result by tr-, we 

obtain 

a;» + ^^-1 + J af-2 + . . . + ga^ + ^o; + 1=0 . . . (2). 

New, in order that (1) may be identical with (2), we 
must have 

From the equation L = y" ^® obtain L = ± 1. These 

values of L give rise to two classes of reciprocal equations. 
I. Suppose L = 1 ; then equations (3) become 

A=:K, B = J, ...J = B, K = A, L = l; 

hence, an equation is a reciprocal equation if the coefficients 
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of the terms equidistant from the first and last are equal. 
Thus, 3x^ + bcfi + 6x + 3 = is a reciprocal equation of 
the first class. 

11. Suppose L = — 1 ; then equations (3) become 

A=— K, B=— J, ...J=— B, K = — A, L= — 1. 

In this case, if the equation is of an even degree, we have 
among the conditions the equation D = — D, where D 
represents the coefficient of the middle term ; but this con- 
dition is impossible unless D = ; hence, an equation is 
a reciprocal equation if the coefficients of the terms equidis- 
tant from the first and last are numerically equal and have 
contrary signs, with the condition that the coefficient of the 
middle term shall be zero if the equation is of an even de- 
gree. 

OoR. 1. — The last term of every reciprocal equation of 
the first class is positive, and the last term of every recipro- 
cal equation of the second class is negative. 

Cob. 2. — One root of every reciprocal equation of the 
first class and of an odd degree is ~ 1, 88 is obvious by 
inspection. 

Cob. 3. — One root of every reciprocal equation of the sec- 
ond class and of an odd degree is -f 1. 

Cob. 4. — ^Two roots of every reciprocal equation of the 
second class and of an even degree are + 1 and — 1. 

12, To transform a reciprocal equation of an 
odd degree into one of an even degree of the 
first class. 

1. Let /{x)=zO be a reciprocal equation of the first 

class and of the n^ degree, and suppose ntohe odd. 
8 
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Now f{x) must be sach that 

Dividing (1) by a; + 1 (App. 11, Cob. 2), we obtain 

/(^) , ^ ^/i\ ^^ As) . 

x + l-Jjix + iyKxI^^L"^ 1 ' • • ^"^^^ 

af»-i ^\x} fix) 

But -=r— . T- may be obtained from * . \ by 

L ^1 -^ x + l ^ 

X 

1 JB*~^ 

changing x into - and multiplying the result by -^; hence, 

fix) 
' \^\ = is a reciprocal equation. Again, since /(a;) is 

X "f~ JL 

of an odd degree, \_\ is of an even degree ; and since the 

last term of f(x) is positive, the last term of the quotient 

),\ is positive. Therefore, if a reciprocal equation of an 

odd degree and of the first class be divided by a: + 1, the 
result will be a reciprocal equation of an even degree of the 
first class. 

2. Let /(a;) = be a reciprocal equation of the second 
dass and of the n^ degree, and suppose » to be odd; 

then /(^) = j:/(l). 
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Dividing by a; — 1 (App. 11, Cob. 3), 

f(x) _ x"" ^l^\_^~^ ^\x) _ a^.-^ ^\x) 
a;-l~L(ic — l/U/""'L \__1"" L 'l_^ 

X X 



But - 



-. /(i) 



J :j may be obtained from \ ^J 

X 

1 CC"^* 

changing x into -, and multiplying the result by =:~ 5 

hence, t = is a reciprocal equation of an even de- 

gree; and since the last term of f{x) is negative, the last 

fix) 
term of the quotient \ must be positive. Therefore, 

if a reciprocal equation of an odd degree and of the second 
class be divided by a; — 1, the result will be a reciprocal 
equation of an even degree of the first class. 

13. To transform a reciprocal equation of an 
even degree and of the second class into one of 
an even degree of the first class. 

Let f(x)=zO be a reciprocal equation of the second 
class and of the n^ degree, and suppose n to be even ; 

then f(^)=if(l)' 

Dividmg by a^ — 1 (App. 11, Cob. 4), 

f{x) __ sT ^/1\_ a^^ -^U/ 
a«— l""L(a?»-l/\a;/"" L " 1 _/ 

a? 
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But -^.^AfZ may be obtained from ^^ by 

1 iB"~* 
changing x into -, and multiplying the result by y-; 

hence^ ^ \ =0 is a reciprocal equation of an eyen de- 
gree; and since the last term of f{x) is negativCy the last 
term of the quotient J^\J-i ^^ be positive. 

14* To solve a reciprocal equation. 

It follows from Arts. 12 and 13 that a reciprocal equa- 
tion of an even degree and of the first class may be consid- 
ered as the standard form of reciprocal equations. 

Let x^ + Aa^'^ + Bx^^ + Ca?^^ + ... 
+ Cafi+Ba?+Ax+1=0 ... (1) 

be the proposed equation. 

Dividing (1) by of^ and collecting, in pauB, the terms of 
the result which are equidistant from the extremes, we have 



oT 



+ c(:^» + ^)+... = 0...(2). 



Assmning a: + - = y, then 



^ + i-» = (^ + i)(^ + i)-^ = *'-^' 
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X* 



+ ^ = H + ^)(- + i)-H + ^)- 



Substituting y for a^ + -> y^ — 2 for «* + -5, y® — 3y 

for ic* + -j, . . . . we obtain an equation of the n^ de- 
gree. K this equation can be solyed, the values of x may be 
found from the equation a; + - = y. 



1. Solve the equation 

2a< + ai^ — 13ir* + 13«» — a; — 2 = . . . (1). 

This equation is of an even degree and of the second 
class ; hence, two of its roots are + 1 and — 1. 

Dividing (1) by a«-l, 

2a:* + a< — Uofl + a; + 2 = . . . (2). 
Dividing (2) by 2a^ and collecting terms, 
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ABSume x + -=zy; then 

!^-2+|-y = . . . (4); 
whence, ^"a ^^ ""^' 

Hence, jr-+- = -, or a; + - = -— 3; 

whence, x=:2 or -, or ^ (— 3 ± a/s). 

2. Solve the equation 

Ans. xz=± V^y 1, !(- 5 ± V2I). 

3. Solve the equation 

2a:* — 3a:» — «8 — 3a; + 2 = 0. 

^W5. a; = 2, ^, ^(— 1 ± V^). 

4. Solve the equation a;* — 2a;^ + 3a:2 — 2a; + 1 = 0. 
6. Solve the equation a;* + 4a;* — 6a? + 4a; + 1 = 0. 

6. Solve the equation 2a;* — 6a;» + 6a? — 5a; + 2 = 0. 

7. Solve the equation a;* + 4a^ — 10a? + 4a; + 1 = 0. 

8. Solve the equation a?— 2a;*— 19a?— 19i«2— 2a;+ 1=0. 

9. Solve the equation a? — 4a;* + a?+ a?— 4a; + 1 = 0. 

10. Solve the equation 6a? — 11a? — 33a? + 33a? + 11a; 
— 6 = 0. 
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CONTINUED FRACTIONS. 

15. A Continued Ftiiction is an expression of 

the form of 

1 

1 

fl + — 



*+- 



c + ^ + etc., 

in which a, i, ^^ (^, . . . . are positiye integers. 

16. A Terminating Continued Frdction is 

one in which the numher of simple fractions -, t, -• 3, . . . . 

a c a 

iafiniie. 

17. An Infinite Continued Fraction is one 

in which the number of simple fractions is infinite. 

18. A Converging Fra^ytion or Convergent 

is the result obtained by considering a certain number of 
the simple fractions^ and neglecting all that follow. Thus^ 
in the continued fraction given in Art. 16 the first conyer- 

gent is - ; the second convergent is formed from =- ; it 

is therefore , ^ ; the third convergent is formed from 
" it is therefore ^ , . It — : — : and so on. 



a -| r- 

A converging fraction is sometimes called An Approximating 
Fraction. 
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19. The convergents of an odd order are greater, and 
those of an even order are less, than the value of the con- 
tinued fraction. 

The first convergent - is too large^ because the denomi- 
nator a is too small ; the second convergent —r r is too 

small, because « + t is too large; this third convergent 

is too large, because a H — ^ is too 



{ab + l)c + a ^' A_i_l 

small ; and so on. 

20. To find the value of a terminating con- 
tinued fraction. 



1. Find the value of 



BXAMJPLMS. 

1 



1 

a -f- - 



^ 1 



^ + 5- 



. l_ cd + l 1 _ rf 

^'^d^~d^' •'• , i^cd + r 

' + -d 



' + d 



cd + 1 
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, 1 . ed + 1 



J 1 ' b(cd + l)+d 

ad{bc+l) + ab + cd+1 
(bc+l)d+b ' 

(bc + l)d'\-b 



• • 



1 ad {be + 1) -{- ab + cd + 1 

' + d 
{bc + l)a + b 



{ab + l)cd + a{d '\-b) + 1' 



1 13 

2. Find the value of r- Ans. ^jz. 

2 + i-y ^^ 



1 7 

3. Find the value of =- An8» 57-. 

4 + i— r ^^ 
3 + 2. 



4. Find the value of 1 H r Ans, 777^7. 

3 + i-^ ^^^^ 

5+ — 



^-i 
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21. To find approziznate values of an infinite 
continued firaotion. 

1. Find approximate yalues of 

1 

1 

a + — 



»+i 



1 
^"^■rf + etc. 

= - the first convergent; 
a a 



^ + * 



ab + 1 
bc + 1 



the second convei^ent; 



the third convergent ; 



1 {ab + l)c + a 

"^* + -. 

and 60 on. 

Each of these convergents is nearer the true value of the 
continued fraction than the preceding one; for the second 
is what the first becomes by substituting for a the more ac- 
curate denominator a + t; the thuxl is what the second 

o 

becomes by substituting for b the more accurate denominator 

b +-; and so on. 
c 

2. Find the third convergent of 



1 . 19 

Ans. TT^. 



2 + L_^ 

4 + - 



^ 4 + etc. 
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3. Find the fourth convergent of 



Ah8. 



1 + 1 

2 + - 



1 + i 

^2 + eta 

4. Find the fonrtli C5onvergent of 



Ans. 



3 + - 



5 + i 



l + i 



5 + i 
^ 1 + etc. 

23. To reduce a quantity to an espression 
containing a continued fraction. 

Let Q represent the quantity to be reduced. Denote 
the greatest integer contained in Q by A^ and the excess of 

Q above A by - ; then 

•2/ 

Q = A+-; whence, ir = 7r 



x' ' -^-Q-A 

Denote the greatest integer contained in x by a, and the 

1 
excess of x above a by — ; then 

a: = fl + — ; whence, x' = 



X" ' x-^a 

Denote the greatest integer contained in «' by a', and 

the excess of aj' above a' by -77 ; then 



X 
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ic' = a' + ^; whence, 7!' = -j—^y 

and 80 on. Hence, 

1 



Q = A + 



1 



''■^a^+etc. 



•tOQA 

1. Bednoe tttft ^ a^ expression containing a continued 
1051 

fraction. 

In this example A = 1 ; 

1 1 1051 ,. c Q 

a- -_ 1 — — — - =: ___ ; therefore a = 3. 

1380 Ji29^ 329 ' 

1051 ■" 1051 

2;' i = — 7 = -TTT ; therefore «'= 5. 

^""1051_3 ^ 64' 

329 329 

. a." 1 -1=^; therefore a"= 7. 

• • 329 ^ 9 ' 

"64 "" 64 

1_ = 1=:9; therefore a'"=9. 

■"64 -. 1 ' 



* -64 ^ 



9 



1380 _ ^ 1 



1051- -3^1 



5+i 



^ + 9 
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When the given quantity is a common fraction, A, a, a', 

a", etc., are evidently the quotients which would be obtained 

by the process of finding the G. C. D. of the numerator and 

denominator. The operation may therefore be abridged as 

follows : 

1051)1380(1 = A 

1051 

329)1051(3 = a 

987 

64)329(5 = d 

320 

9)64(7 = a" 

63 

1)9(9 = a'" 

9 

2. Beduce \/6 to an expression containing a con- 
tinued fraction. 

In this example A = 2 ; 

1 V6 4- 2 

.*. aj = — — = = — -! — ; therefore a = 2. 

V6 — 2 2 

V6 + a „ V6-2 2 

therefore a' = 4 

V6 + 2-4 V6-2 2 ' 

therefore a"= 3. 

.-. a!"'=— = -v/6 + a ; therefore «'"= 4: and 

a/6 + 2 - 

80 on. 



1^ oonTXJN UKU nu.cnov8. 



2 + - 



4 + i 



2 + 7 

^ 4 + etc. 

445 

3. Bednce ttts to a continued fraction. 

01/5 

4. Bednce V'fl*+ 1 to an expression containing a con- 
tinued fraction. 

Ans. a H r- 

2fl + — 



^ 2fl + etc. 

5. Find a series of fractions converging to the ratio of 5 
hours 48 minutes 51 seconds to 24 hours. 

1 7 8 39 
^"*- ? 29' 33' 161' 

6. The ratio of the circumference of a circle to its diam- 
eter is 3.1415926535 +. Find approximate values for this 

ratio. 

. „ 22 333 355 
Ans. 3, y, jg^, jjg, . . . 

7. In 87969 years Mercury makes 277287 synodical revo- 
lutions. Find approximate values for the ratio of 87969 to 

277287. 

. 1 ^ 7 13 33 , 

^^**- 3' 19' 22* iT 104- 

8. In 57551 years Venus makes 36000 synodical revolu- 
tions. Find approximate values for the ratio of 57551 to 
36000. 8 235 

Ans.^ 147* 
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SUMMATION OF SERIES. 
23. Denote the sum of a series whose r^ term is 

. ^ — r by s. the sum of a series whose r^ term is - by s\ 
n{n +p) n ^ 

and the sum of a series whose r* term is — 7— by b" : then, 

n + p '^ ' 

since q __ ^ / ? 9 \ 

^^{n + p)~~ p\n n+pl' 



n\ 



P 



1. Find the sum of the series 

2-3 "^ 






l-;iJ 



3-4 



+ . 



jT = 1, ^ = 1, w = 1, 2, 3, 4, . . . . ; 



J 



^'*"a"*'5'^4'^ ' • * ■ 



~(2'''3 + 4+ • • • •) 



= 1 



2. Find the snm of the first n terms of the series 

1.1 1 

+ ^rrs + s^ + 



«= •< 



12 ' 2-3 ' 3-4 

^ + 2 + 3 + 4+ • • • • + ^ 



/I , 1 . 1 1 1 \ 



= 1 — 



n 



« + 1 w + 1' 
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3. Find the gam of the series 



"ro.BriB.wi •••• 



Ans. H* 
2 



1-3 ■ 3-5 ' 5-7 
24* Denote the sum of a series whose r^ term is 

—7 ^7 — r-7r-\ by Sy the sum of a series whose r* term is 

n{n+p){n + 2p) ^ 

by 8\ and the sum of a series whose r^ term is 

1 * 



2/? ( n{n 



»{» + ;^) {» + %?) 



+ jP) (n+p)(n-\-2p) 



]• 



•=^<'' -'■•)• 



1. Find the sum of the series 

4.5.6 



+ 



+ 



~i~ • • • • 



1-2-3 ' 2-3 -4: ■ 3-4-5 
^ =: 4^ 5, 6j • . . • 9 p = 1, n = 1, 2^ 3, 4^ • . . 

^456 






* = 2^ 



+ 



+ 



1-3 ' 3-3 ' 3-4 



"f" • • • • 



= -(- 

2\1- 



/ 4 5 \ 

""\2-3 + ar4+ • ' ' 7, 



3-4 
2 + 2^ 3 + 3T^ • • • 7 



^ 



2. Find the sum of the series 

3 + «_+ 15 



5-8 -11 ' 8 -11 14 ' 11 14 -17 



+ 



• • • • 



Ans. 



13 

240' 



1 






CD] ' 



.'/- ''T/ ., 



i 



